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Abstract

Understanding phonon and electron transport is of great significance for designing
efficient solid-state devices such as transistors, laser diodes and thermoelectric energy
converters. The structural randomness is inevitable in solid-state devices, and it is
often regarded as the undesirable scattering source for phonons and electrons. This
thesis studies manipulating phonon and electron flow using structural randomness
via mode-resolved Green’s function calculations and pump-probe optical characteri-
zations.

Interface roughness is a common type of randomness in heterostructures, which
strongly affects electron and phonon transport across interfaces. We find that atom-
ically rough interfaces can scatter short-wavelength electrons and assist the trans-
mission between mismatched valleys. The contact resistance is reduced by over an
order of magnitude. Our study provides new insights on the conventional wisdom to
improve the interfacial transport using graded interfaces. We also use the atomistic
Green’s function to simulate phonon transport across rough interfaces to show that
the basic assumption that phonons lose memories in the often-used diffuse phonon
scattering model is questionable.

The coherent backscattering of waves in disordered structures can lead to Ander-
son localization, where the waves are spatially localized and cannot propagate. An-
derson localization has been observed in electronic, photonic and acoustic systems.
However, observing its impact on heat conduction is challenging due to the broad-
band nature and three-dimensional transport of phonons. We use the aperiodicity
as a type of randomness to enhance phonon Anderson localization. Our calculation
predicts that aperiodic Si/Sig2Gegg superlattice can induce coherent backscattering
for low-frequency phonons and limit the contribution to transport of high-frequency
phonons. The interferences among scattered low-frequency phonons lead to a peak
in the thermal conductivity versus length curve, a characteristic feature of phonon
Anderson localization. Using frequency-domain thermoreflectance, we validate our
theoretical predictions and find that the phonon Anderson localization exists up to
200 K. Our findings provide an efficient approach to localize phonons at moderate



temperatures using randomness.
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Chapter 1

Introduction

The miniaturization of electronics has enabled the average number of transistors on a
chip to double every 18 months. Nowadays, the characteristic length scales of transis-
tors are well below 10 nm. The phonon and electron transport in nanostructures are
fundamentally different from their in their bulk counterparts, as the imperfections,
interfaces and boundaries in nanostructures induce strong scatterings and lead to size-
and structure-dependent transport. When the characteristic length of the system and
the wavelength are comparable, the wave natures of electrons and phonons start to
play an important role in transport. In the phonon wave transport regime, interfer-
ence among scattered waves within the coherence length creates new opportunities in
manipulating the phonon transport properties via engineering the structures.

Past studies on the size-dependent transport properties, especially phonon heat
conduction, have mostly been based on the classical size effect picture[l, 2|. For an
intrinsic bulk material, the phonon mean free path A is predominantly determined by
the three-phonon scattering lifetime 7 via A = v,7, where v, is the group velocity. In
a bulk material, the intrinsic phonon mean free path generally has a wide spectrum.
For example, it ranges from the order of 1 nm to the order of 10 pm in bulk Si[3].
In polycrystalline materials with grain sizes at nanoscale, phonons with long intrinsic
mean free paths travel ballistically inside the grain[4| and eventually becomes scat-
tered by the boundary. Resultantly, their mean free paths become limited by the

grain size. In contrast, phonons with short intrinsic mean free paths travel diffusively
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and the effect of boundary scattering is much weaker. The phonon thermal conduc-
tivity based on the phonon gas model can be expressed by, x o %cng, where c is
the volumetric specific heat. Therefore, the phonon thermal conductivity decreases
with decreasing grain sizes. The size effect in phonon heat conduction manifests it-
self in other systems. For instance, thermal conductivity decreases with decreasing

diameters in nanowires|5| or with decreasing thickness in thin films|6].

The interface scattering is the fundamental reason for the classical size effect. The
interface (boundary) scattering rate is often simply taken as 1/7,q = % with L being
the geometry size, where the angular, wavelength and phase dependence of phonon
boundary scattering are entirely neglected|7]. When evaluating the transmittance and
reflectance through interfaces, the interface scattering is often considered as diffuse,
i.e., the transmittance is isotropic (angle-independent) and the phases of scattered
phonon waves are considered completely randomized. In addition to the assumption
of diffuse scattering, Swartz and Pohl proposed the famous diffuse mismatch model by
further assuming that the transmittance from one side equals to the reflectance from
the other side, as they argue that the diffuse phonon scattering makes the phonon

lose its memory of origin|§].

In solid-state devices consisting of multiple interfaces such as transistors laser
diodes and thermoelectric energy converters, as illustrated in Fig. 1-1, interface scat-
tering is one of the dominating phonon scattering mechanisms and accurately describ-
ing the interface scattering is crucial for understanding and engineering the thermal
resistance of the device. However, the commonly held assumption of perfectly diffuse
boundary scattering and neglecting phonon phase information are questionable. A
perfect interface has an effective thickness of one lattice spacing a, which strongly
interacts with phonons with wavelength A ~ a (wavevector amplitude ¢ ~ 2%). It
can scatter phonons with different wavelengths with different scattering strength.
Moreover, interface scattering is mostly elastic. After being scattered by such static
scattering centers, phonons’ phases strictly speaking are not randomized. To prop-

erly describe the interface scattering, the wave nature of phonon has to be considered.

The interface roughness is a common type of structural disorder in practical devices.
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Figure 1-1: Interfacial transport for phonon and electron are important in a variety
of applications. Reprinted from Ref. [9].

It broadens the characteristic width of interface from a to a larger value 9, which
changes how the interface scattering explicitly depends on the wavelength, as shown
in Fig. 1-2. The existence of multiple interfaces further complicates the superposition
of scattered phonon waves.

The interface also scatters electrons and induces a large interface resistance[10].
Similar to the phonon interface scattering, the wave properties of electrons must
be included when studying the electron interface scattering, as the characteristic
length scale of the interface is comparable to electron wavelengths. Therefore, study-
ing the interface scattering for phonons and electrons are both of great significance.
What’s more, resolving how the interface roughness impacts the interface scatter-
ing for phonon and electron is necessary to understand the interfacial transport in
practical devices.

Elastic phonon scattering at a single interface maintains the phase (i.e., the way
phase evolves with time keeps unchanged). For multiple interfaces, e.g., in superlat-
tices, the reflected and transmitted waves at each interface interfere with each other.
The interference can alter the phonon eigenvectors (i.e., how each atom vibrates
according to a vibrational normal mode) and lead to a different phonon dispersion

relation from the bulk material. Although phonon is always partially reflected by a
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Figure 1-2: The phonon and electron transport through a rough interface. The
interface roughness has a characteristic width 9.

single interface, phonon interference in superlattices consisting of multiple interfaces
gives rise to passing bands (phonon traveling through interface without interface scat-
tering) and stop bands (phonon propagation is forbidden)[11, 12]. On the other hand,
the inelastic scattering, such as three-phonon scattering, can destroy the interferences.
In particular, when the inelastic mean free path A;, is much larger than the phonon
coherence length [., which is the characteristic length scale for phonon interferences,
the phonon coherence is maintained even after multiple elastic scattering events.
Experimentally, coherent phonon heat conduction, where the phonon keeps its
phase information in the transport process, has been observed in GaAs/AlAs super-
lattices with changing number of periods and fixed period length[13]. Below 150 K,
the mean free paths for most phonons are found to be much larger than the sample
length. As a result, the phonon wave travels coherently from one side to the other
side and its phase is maintained. At higher temperatures, the phonon mean free paths
are reduced and the fraction for diffusive phonons increases. The thermal transport
in this case is partially coherent. The coherent phonon transport in superlattices
suggests that phonon interference is crucial in determining the transport property.
The gapped phonon states (inside stop bands) in superlattices due to interference
are intrinsically localized (evanescent waves with imaginary wavevectors) thus do not
directly contribute to transport. When introducing disorders to the nanostructures,
another type of localization can be induced by phonon interferences, called Ander-
son localization. Unlike in periodic superlattices, the interfering wave components

in disordered system do not have any spatial periodicity. Additionally, the effective
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transmittance for an incident phonon decays exponentially with length. Anderson
localization was first found in Anderson’s seminal work in 1958|14]. It has been exper-
imentally found in photonic|15], electronic|[16], acoustics|[17], cold-atom systems|[18].
However, the phonon Anderson localization is much less studied experimentally due

to the broadband nature and three-dimensional transport of phonons.

Recently, signatures of phonon Anderson localization has been found in GaAs/AlAs
superlattice with random dots inserted at the interfaces[19]. The interface roughness
strongly scatters short-wavelength phonons, which makes them minimally contribute
to the transport. The random dots scatter phonons with middle and long wavelengths
and the interferences among the scattered waves causes exponentially decaying trans-
mittance with the sample length. Accordingly, the thermal conductivity decreases
with sample length below 50 K. The transmittance is the squared amplitudes of the
summation of all possible scattering waves (complex quantities). As the disordered
system become longer, although the number of possible scattering paths for a phonon
to propagate from one side to the other side of the sample increases rapidly, the
transmittance is not necessarily increasing as the summation of scattered waves can
be either positive or negative. On the other hand, for any forward scattering path, its
time-reversal path is also a possible scattering path. Together, two time-reversal paths
form constructive interference, and along the combined path the phonon travels back
to exactly where it starts, ¢.e., the phonon wave is spatially localized. It turns out that
as the system length increases, it is always easier to find interfering paths that make
phonon circle back than the paths that let phonon travel through the sample|20].
Consequently, the transmittance becomes smaller with longer sample length. The
phonon Anderson localization provides a new way to manipulate phonons, which can
be useful in low-thermal-conductivity applications such as thermoelectrics, as well as
in quantum information science to prevent phonon from interacting with spin and
causing quantum decoherence[21|. However, there is no report on phonon Ander-
son localization at moderate temperatures, which greatly limits the applications of

Anderson localization.

From above-mentioned examples, we clearly see that the geometry of the struc-
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tures has a great impact both on phonon and electron transport, which also creates
new opportunities to manipulate phonon and electron transport via structural en-
gineering. The classical size effect without invoking the wave effect describes the
size-dependent transport when phases are fully randomized by interface scattering.
However, for phonon and electron transport through interfaces and disordered struc-
tures, the wave effect plays a significant role. The lacking understanding of how the
interface roughness impacts the phonon and electron transport substantially limits the
possibilities of improving phonon and electron transport. Furthermore, for phonon
transport through disordered structures, the phases of phonon waves cannot be over-
looked. The interferences among scattered waves in disordered structures causes
phonon Anderson localization. The Anderson localization provides a new approach
to manipulate phonons using disorders, yet has only been achieved at extremely low
temperatures. To make Anderson localization a practical strategy to control phonons,
more structural design and experimental tests are needed to push up the temperature
needed to achieve phonon Anderson localization.

This thesis focuses on the interplay between structural randomness and the wave
properties of phonon and electron, including wavelengths, phases, interferences. It
provides the practical strategies to engineer phonon and electron wave transport using
randomness via mode-resolved Green’s function calculations and pump-probe optical

characterizations.

1.1 Phonon transport regimes at nanoscale

Several important characteristic length scales divide the phonon transport regimes
into ballistic-diffusive transport regime, coherent transport regime and localized trans-

port regime. We will introduce those length scales in the following.

1.1.1 Characteristic length scales

In the transport process, phonon propagation is accompanied by various types of

scatterings. The elastic scattering processes that conserve incident phonon’s energy
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include impurity scattering, alloy scattering, interface scattering, boundary scattering
etc.. In contrast, the inelastic scattering processes that do not conserve the phonon
energy include three-phonon scattering, phonon-electron scattering, etc.. In a system
where multiple scattering mechanisms coexist, the total scattering rate can be eval-

uated by invoking the Matthiessen’s rule, which states that the total scattering rate

1 + 1

Timpurity Talloy

is the summation of all types of scattering rates expressed by % =
Note that the phonon phases and phonon interferences are entirely neglected in this

treatment.

The phonon mean free path A describe the average traveling distance between
two consecutive scattering events. Specifically, the elastic scattering mean free path
Ae = vy7 and the inelastic scattering mean free path A;, = v,7, are determined by
the elastic and inelastic scattering lifetime, respectively. The recent process in first-
principle calculation of the phonon mean free paths has provided a reliable way to
acquire the inelastic phonon mean free path|22, 3, 23] and elastic phonon mean free

path accurately[24, 25, 26, 27].

For an inelastic scattering process, such as three-phonon interaction (two phonons
scatter and emit a new phonon or one phonon emits two new phonons), the phonons
are annihilated or created, and hence their phase information is completely destroyed
after one scattering event. The coherence length [, is defined to describe the distance
within which the temporal behavior of phonon phases remains the same. The Thouless
length is used as a measure of coherence length for electron transport, where [. =
(D7in)'/? and D is the diffusivity|28, 29]. For phonon transport, we have D = %,
where A is the phonon mean free path that incorporate all types of scattering processes
and satisfies, A=! = A;1+A;!. Therefore, the phonon coherence length can be obtained
by, l. = \/M[Z] For a system with strong inelastic scattering (A;, < A.), we have
l. % Ain/V/3 < Ao, whereas for a system with strong elastic scattering (Ay, > A.),
we have [, » \/AeTm/B > A.. That is to say, in elastic scattering dominated system,
phonons can maintain their coherence even far beyond the mean free path, as the

elastic scattering generally only partially destroys the phase information of phonons.
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1.1.2 Ballistic-diffusive transport

The phonon thermal conductivity x = G- L, where G is the thermal conductance and
L is the total length. According to the Landauer-Biittiker formalism[10], the phonon

thermal conductance can be defined by,

21 °° 0 feE
G—%—Afo e (@) 22 d (1.1)

where A is the cross-sectional area, O(w) = N+<“ Ly, tr (tT(w,k)t(w,k)) is the phonon
transmission function, which describes the number of phonon conducting channels at
given frequency w, t(w,k;) is the phonon transmission matrix at given transverse
momentum k| and fgg is the Bose-Einstein distribution function. The Landauer-
Biittiker formalism suggests that the conductance is intimately related to the trans-

mission function ©(w)[30].

If we assume the phonon transmission function is frequency-independent ©(w) =
O-7, where O is the average transmission function when all transmission channels have
unity transmission probability and 7 is a constant transmission probability (transmit-
tance). We have the conductance directly proportional to the transmittance G o< 7.
Consider the transport across a short sample with length [. We denote the transmis-
sion from one side to the other side of this sample 7. If we double the length of the
sample and neglect any coherence effect on changing the transmittance, it is intuitive
to think that the effective transmittance is simply 7 x 7. However, such expression
is actually wrong as the multiple scattering process is ignored. The transmittance

through the sample with length 2/ should be,

2
i

— 2 —
T2—T1T1+7'1(]_—7'1) T1+"'—1_(1_7_1)2 (12)
One can further generalize to the sample with length NI,
1
= 1.3
NTe N (13)
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Figure 1-3: The length dependence of thermal conductivity in ballistic-diffusive trans-
port regime.

The thermal conductivity of samples with length L = NI can then be expressed

by,
AL

A+L

KocTy L= (1.4)

T1
1-11

where A = -[ is the phonon mean free path. When L > A, the thermal conductivity

converges to a constant bulk value and the phonon transport is diffusive. On the
other hand, when L <« A, the thermal conductivity x «< L and the phonon transport
is ballistic. In Fig. 1-3, we present the size dependence of the thermal conductivity
k, where the thermal conductivity always increases with the system size. The size
dependence given by Eq. 1.4 is one example of classical size effect. Such transport

regime is called ballistic-diffusive transport.

The classical size effect based on the phonon particle picture has already been
widely studied. In this thesis, we are more interested in studying wave effect on
transport, which is much less explored. In the above analysis, the wave nature of
phonon is entirely overlooked, as we have explicitly assumed the that phonon trans-
port is incoherent, where after scattering phonons lost information about its previous
paths and such behavior can be regarded as random walk. One can also make analogy

to ray tracing in optics to understand the incoherent phonon transport|31].
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1.1.3 Coherent transport

The phonon transport is coherent within the coherence length. The reasons why co-
herent phonon transport has been mostly observed in short-period superlattices|13,
32] are as follows. At low temperatures, the elastic scattering dominates over the in-
elastic scattering, which makes coherence length A <. < Aj,. The short-wave-length
phonons are strongly scattered by the interface disorders as the mass-disorder scatter-
ing rate oc w*[33], while the long-wave-length phonons can travel across all interfaces
rather than being diffusively scattered by interfaces and losing their phases|[13, 32|.
As a result, phonon can travel coherently from one side to the other side of the sam-
ple. The transmittance remains a constant and so does the thermal conductance.
Hence, the thermal conductivity linearly increases with the total length, x oc L.

One might argue that this is just the small L limit in the classical ballistic-diffusive
transport (or simply the ballistic limit) given by Eq. 1.4. However, the classical
ballistic-diffusive transport assumes that phonon loses its phase entirely beyond the
length [ (I >1.). The classical ballistic-diffusive picture cannot properly describe the
transport below [ (or below [.), where the coherence is important. Beyond the length
[, the transport is fully incoherent, as the phase are completely randomized due to
multiple elastic scatterings and inelastic scatterings. On average phonon interference
has a negligible impact on transport.

At higher temperatures, the coherence length decreases due to reduced inelastic
mean free path A, (three-phonon scattering rate o< T'), the coherent transport gradu-
ally disappears. It is worth mentioning that accurate calculation of coherence length
is lacking thus it is difficulty to know exactly when the phonon phases and interfer-
ences can be neglected. To summarize, we can call the transport coherent within the

coherence length [..

1.1.4 Localized transport

When introducing random disorders into the short-period superlattices, as realized

in the experimental work by Luckyanova et. al.[19], the disorders not only strongly
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scatter phonons but induce strong interferences among the scattered waves. Consider
the transport from A to B inside a superlattice with doped random dots at interfaces,
as shown in the Fig. 1-4 (a). The calculation of probability needs to include all
possible scattering paths. For simplicity, we assume there are only two possible paths
and the transport is one-dimensional®. The probability of transition from A to B can

be expressed by,

PA—>B = |U1 +U2|2

=P1+P2+2\/P1PQCOS(I{3L1—]€L2)
—_——

classical interference

(1.5)

The first term describes the classical random work paths, which are additive. The
second term describes the contribution from interference between different scattering
paths. In the incoherent transport regime discussed in Session 1.1.2, the interference
term does not contribute much. However, when the inelastic effect is weaker, the
interference term contributes more to the transport.

The probability of returning to the point A, P4_, 4, is also related to the summation
of all possible paths. The random disorders usually cause stronger enhancement of the
probability of coming back, known as the coherent backscattering|34|. If the degree
of disorder is even larger, there are paths that form loops and contribute substantially
in P4_ 4. In certain cases, the two possible paths are time-reversal to each other, and

they form constructive interference. Resultantly, we have the reflectance of unity,

Pasa = |up +usl?

= %1 e + e (1.6)

=1

as L = 0. In other words, the wave is localized.
The Fig. 1-4 (b) describes an extreme case of localization. Generally, the re-

flectance quickly increases with the increasing system length, whereas the transmit-

!As shown in the Fig. 1-4, the actual scattering paths are not one-dimensional. For simple
mathematical demonstration, we assume all waves are plane waves moving along one dimension.
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Figure 1-4: (a) The random dots in the weak-disorder regime causes interferences
among scattered waves, which enhances chances of reflecting back, known as co-
herent backscattering. (b) The random dots in the strong-disorder causes stronger
interference. The two time-reversal paths make the phonon stays where it starts and
cannot propagate, known as Anderson localization.

tance behaves in the opposite way. In the localized transport regime, the transmission
function is exponentially decaying with system length ©(w) o< e=L/¢, where ( is the

decay length. As a consequence, the thermal conductivity satisfies,
) oc Le L/ (1.7)

which peaks at L = (. Such length dependence of thermal conductivity is a unique
feature of Anderson localization. The Anderson localization of phonons is an emerging
phenomenon due to wave interferences and provides new directions in controlling

phonon dynamics.

1.2 Interface scattering

The interface scatterings for phonon and electron are significantly affecting the phonon
and electron transport. At the interface, the incident electron/phonon can be trans-
mitted or reflected. Scattering matrix is often used to describe the probability for
different interface scattering processes. The nonequilibrium Green’s function calcu-
lation can be used to obtain the scattering matrix and the interface conductance for

phonon and electron|35].
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1.2.1 Scattering matrix

We consider the scattering matrix for electron as an example and the scattering
matrix for phonon can be analogously defined. Denote uy(+) and ugr(+) the forward
propagating state from the left side and the right side, respectively. As depicted in

Fig. 1-5, due to the scattering of the interface, the wavefunction of left side becomes,

cp =up(+) +Rur(-) (1.8)

and the propagating modes in right side can be expressed by,

CR=TUR(+) (19)

where the matrix R and T are the generalized reflection and transmission matrix.
The physical transmission and reflection matrices are obtained by normalizing these

matrices according to the current normal to the interface,

UR,z,j0L
tRL,ji = Ti (1.10)
VL,z,i0R
ULzj
TLLgi =N, “Riji (1.11)
)

The transmission/reflection matrix element describes the ratio between the transmit-
ted /reflected current of mode j and the incident current of mode i, both along the
interface normal. Note that the lattice constant along z direction is used to compute
the current for each mode, which is proportional to the velocity divided by the unit-
cell volume. In the following, we use the physical transmission and reflection matrix
to study the transmission and reflection probability. The scattering matrix S that
describes the all scattering processes at an interface can be expressed by,

T t
s=|" . (1.12)

LR TRR
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Figure 1-5: The schematic for scattering states for an interface scattering problem.

With the help of the scattering matrix, the incoming and outgoing states normalized

by current are simply related via, uout = Stuiy.

In particular, the transmission matrix element tgy, j; is proportional to the Green’s
function element Gj; = (u;| G |u;), where G = (E - H +1in)~1 is the Green’s function
operator, H is the Hamiltonian operator, |u;) and |u;) are the wavefunctions for
incident and transmitted electron in bra—ket notation (for phonon transport, |u;) and
|u;) are the phonon eigenvectors). For a perfect interface, the transverse momentum
is conserved k; | = k; and the scattering process is called specular transmission.
However, when interface disorders are introduced, such momentum conservation law
is no longer valid and the scattering process when k; | # k; is called nonspecular

(diffuse) transmission.

The nonspecular transmission can enhance the transmittance for phonon and elec-
tron. For instance, consider the phonon transport across a perfect interface with
large mismatch. The critical cone for transmission, i.e., the surface in the phonon
dispersion relations that separates the completely reflected phonon states and other
phonon states, is very narrow and phonon cannot escape outside the critical cone.
With interface disorders added, the phonon are allowed escape outside the critical
cone via nonspecular transmission, which largely enhances the total transmittance.
In this case, the disorders can actually reduce the interface resistance. Understanding
how the disordered structure determines the nonspecular transmittance can offer new

opportunities in optimizing the interfacial transport.
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1.2.2 Nonequilibrium Green’s function

Due to the intimate relation between the transmission matrix and the Green’s func-
tion, nonequilibrium Green’s function has been commonly used to study the phonon
and electron transport through interfaces|36, 37|. We introduce the nonequilibrium
Green’s function formalism for electron transport in the following and the formalism
for phonon transport can be similarly derived. The Green’s function method is a
nonperturbative approach capable of both weak-disorder and strong-disorder cases.
Also, it intrinsically incorporates all wave effects, which is important for the inter-
face scattering problem. The Green’s function for Schrodinger equation is defined to

satisfy the following equation?,
[(E+in) I - Hk)]G(E k) =1 (1.13)

where H(k)) is the Hamiltonian matrix, 7 is an infinitesimal real number and I is
the identity matrix. The Hamiltonian consists of three parts, left lead, device region
and right lead, where the two leads are essentially two reservoirs of electrons and the
electron travel between two reservoirs through the device region. In block-wise form,

the Hamiltonian matrix reads,

HL+ZL HLC 0
H(k)=| Her He Hcr (1.14)
0 HRC’ HR"'ZR

where ¥ and X i are self-energies for two lead regions. The transmission function at

given k|, a measure of number of conducting channels, is given by,
@(E, k”) =tr [PL(E, k|| )G(E, k“ )FR(E, kH )GT(E, k” )] (1.15)

where I'g(E, k) and I'y(E, k) are coupling matrices related to the self-energies.

2We take electron transport for example and phonon transport can be similarly defined, except

that E becomes w?.
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The conductance can be obtained by the Landauer-Biittiker formalism|35],

_ 2e? 8fFD
G——h—Af@(E) SR dE (1.16)

where O(F) = ﬁ Yk, O(E. k) is the transmission function and frp is the Fermi-
I
Dirac distribution function. The spin degree of freedom is multiplied (no spin-orbital

coupling). Conventionally, Gy = % is called the conductance quantum.

1.2.3 Interface resistance

The electrical interface resistance is the ratio between the electrochemical potential
difference and the current,

R=— (1.17)

Note that the conductance given by Landauer-Biittiker formalism (Eq. 1.16) cannot
be directly used to compute the interface resistance. The reasons are as follows.
Consider a perfect bulk material with an imagined plane as an interface. The expected
interface resistance associated with the imaginary interface should be zero. However,
directly using Eq. 1.16 will give a finite value of interface resistance. This is because
Eq. 1.16 describes the conductance for the transport between two reservoirs that are
at different equilibrium state and have well-defined electrochemical potential, which is
conventionally regarded as a two-probe setup. However, near the interface, due to the
strong interface scattering, the electrons are far from equilibrium. For example, on the
left side of the interface, the right-moving electrons are those out of the left reservoir
(left lead), while the left-moving electrons can be those reflected by the interface or
those transmitted from the right reservoir (right lead). As a result, the electrochemical
potential cannot be rigorously defined near the interface. Nevertheless, we can still
compute the effective electrochemical potential by assuming that the local electron

population follows a Fermi-Dirac distribution.

The effective electrochemical potential energy on the left and right side of the
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interface py and py are,

G
pa = por, = (fr = MR)2_
ot (1.18)

G
po = pir + (1 —MR)QJTR

where py; and pp are the electrochemical potential energies for the left and right
reservoir, which satisfy the relation up — pur = |e|/A®, e is the elementary charge for
electron, and gy and ggr are the conductance for bulk materials. The conductance

between pq and s is then expressed by,

1 1/1 1\
G :[__-(—+_)] 1.19
le 2\g  gr (1.19)
which is also called the four-probe conductance. The interface resistance can be
expressed by,
1

R=— 1.20
a (1.20)

In the limit of perfect transmission and two sides made of same type of material, the
resistance [G4]_1 is zero, which is as expected. In the limit of low temperature and
considering the same materials for two leads, the conductance reduces to the famous

Landauer formula[10],
_2  O(E)
hA Ovu(Ey) - ©(Ey)

Gy (1.21)

where Oy (Ey) is the transmission function with unity transmittance for the bulk
material in the leads. For phonon transport, the four-probe conductance can be
similarly computed to Eq. 1.19 by considering the effective local temperatures instead

of the electrochemical potential energy near the interface|38].

1.3 Organization of the thesis

This thesis essentially has three parts. The first part contains the practical strategy
to reduce the interface resistance for electrons and phonons using disorders. In the

second part, the aperiodicity is studied as a strategy to induce phonon Anderson
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localization, both computationally and experimentally. In the last part, an optical
method for measuring thermal transport properties of nanostructures are presented.

In Chpater 2 and Chapter 3, we study the mode-resolved interface scattering for
electrons and phonons. In Chapter 2, we present the method to compute the specular
and nonspecular transmission through rough interfaces. In particular, we examine the
role of wavevectors and symmetries of Bloch wavefunctions in assisting or hindering
the electron transport. We also identify the specific type of disordered structures that
reduce the contact resistance the most.

In Chapter 3, we apply the mode-resolved atomistic Green’s function to study
diffuse phonon scattering. Specifically, we examine the famous model for thermal
boundary resistance, the diffuse mismatch model and the physical assumptions behind
it. In addition, we clarify the competing roles of specular and diffuse transmission
and reflection in determining the thermal boundary resistance. In Chapter 3, we
also lay the foundation of the computational schemes to study phonon transport in
nanostructures.

In Chapter 4, we study the phonon transport in aperiodic layered media com-
putationally and identify Anderson localization of phonons. We then use frequency-
domain thermoreflectance to experimentally measure the length dependence of ther-
mal conductivity of aperiodic superlattices and confirm the existence of phonon An-
derson localization up to 200 K. Our findings provides a practical way to engineer
phonon transport using aperiodicity.

In Chapter 5, we present an experimental method using transient thermal grating
to measure the thermal conductivity of thin film and the thermal boundary resistance.
Such method serves as a good alternative method of measuring the thermal transport
in nanoscale thin films to other conventional optical characterization methods.

Last but not least, in Chapter 6, we present a summary and an outlook for future
directions of studying and engineering phonon and electron transport in nanostruc-

tures.
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Chapter 2

Electron transport across rough

interfaces

2.1 Introduction

The importance of interfaces in advanced semiconductor devices has been clearly
pointed out by Herbert Kroemer with his famous statement, “the interface is the
device”[39]. Semiconductor heterostructures play essential roles in vertical-cavity
surface-emitting lasers[40, 41, 42], heterostructure bipolar transistors|43, 44|, quan-
tum cascade lasers|45|, quantum well infrared photodetectors|46], thermionic micro-
coolers|47, 48], bipolar transistors|49], spin qubit devices[50, 51|, thermoelectric power
generators|52, 53, 54, 55|, etc. However, the interfaces in heterostructures strongly
scatter electrons and cause the contact resistance[10, 56, 38, 57|. The interface scatter-
ing probabilities are not only determined by the intrinsic properties of bulk materials,
but by the non-intrinsic properties such as the interface structures. Specifically, the
interface roughness due to atomic mixing[58|, as a common type of interface disorder,
alters the contact resistance. In order to design proper interface structures that min-
imize interfacial resistance, it is crucial to understand how the atomic mixing affects
electron scattering at interfaces.
The nonequilibrium Green’s function (NEGF) is often used to describe the structure-

dependent charge transport[35]. Many works using NEGF combined with Landauer
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formula for conductance are conducted to study the transport across molecular junctions|59,
60, 61, 62|, nanotransistors|36, 63|, grain boundaries in two-dimensional materials|[64],
metal-semiconductor interfaces|65, 66], metal-metal interfaces in magnetic multilay-
ers |67, 68, 69, 70| and semiconductor interfaces|71, 72|. In particular, Bellotti et al.
investigated the carrier transport through semiconductor interfaces in the presence of
positional and compositional disorders using NEGF and found that the disorder signif-
icantly impedes the coherent propagation of carriers through multiple interfaces|71].
Tibaldi et al. performed a large-scale NEGF calculation of the carrier transport in
a realistic tunnel junctions for vertical-cavity surface-emitting lasers and achieved a
good agreement with experimental I —V curve. However, the interface roughness
in the transverse directions is neglected in these works, as the computational cost
of NEGF increases dramatically with the cross-section areas of the interface. Be-
sides NEGF calculation, Daryoosh et al. used a simple effective mass model to study
the carrier transport through barriers in metal-based superlattices and found that
the nonspecular (diffuse) scattering can greatly boost the thermoelectric figure of
merit 2755]. Los studied how the transmission probability varies with the aver-
age fluctuations of potential energies due to interface disorders under the effective
mass approximation|73]. However, the effective mass approximation adopted in these
works can poorly describe practical semiconductors with band pockets not at zone
center. Due to the multi-valley nature[53| of the band structures of semiconductors,

new physics shall emerge for electron interfacial transport.

In this Chapter, we apply the mode-resolved Green’s function formalism with
tight-binding Hamiltonian to study charge transport across perfect and rough in-
terfaces due to atomic mixing. In particular, we take advantage of the transverse
translational symmetry to reduce the computational cost of surface Green’s func-
tion. The tight-binding Hamiltonian makes sure the multiple carrier pockets in the
Brillouin zone are properly described. We vary the degree of disorders in transverse
directions and perpendicular direction and study the specular and nonspecular in-
terface scattering processes with mode resolution. Moreover, we unveil the roles of

disorders and symmetries in assisting nonspecular transmission. We show that over
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one order of magnitude of reduction of the specific contact resistance can be achieved

by the interfacial atomic mixing.

2.2 Methodology

In the Green’s function calculation, we first divide the system into three regions, two
semi-infinite lead regions and a device region, as depicted in Fig. 2-1 (a). The repeated
cells along z direction in the lead region are indexed by 0, 1, ... and the period length is
a, o wWith o = z,y. The whole supercell structure is periodic along directions parallel
to the interface. Inside the lead region, there are Nyc, x Ny, identical unitcells
along the transverse directions. The transverse lattice vector for the supercell is
Roco = NucsRucp with 8 = x,y, where R, g is the transverse lattice vector for the
unitcell. As a result, the transverse momentum in the supercell representation can be
uniquely unfolded in a momentum defined in the unitcell representation, as elucidated

in Fig. 2-1 (b). The unfolded momentum can be expressed by,
kuc,|| = ksc,|| + a'G'sc,x + bGsc,y (21)

where a and b are integers to be determined. Finding the correct pair of a and b is
known as an unfolding problem and we use the unfolding scheme by Popescu and

Zunger|74] to resolve the correct kyc.

We consider the elastic interface scattering limit, where the energy F of the in-
cident electron is conserved. In addition, the in-plane translational symmetry of the
supercell dictates that the transverse momentum k. must be conserved during an
interface scattering event. When the device region contains a perfect interface with
the same in-plane periodicity as the lead region, the transverse momentum ki is
conserved. However, when the device region consists of a rough interface, k. is
not always conserved. This is because the interface roughness breaks the internal
transverse translational symmetry within the supercell and k. can be unfolded into

different k. for the incident state and the transmitted state. As illustrated in
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Figure 2-1: (a) The partitioning for Green’s function calculation with repeated
unitcell in the lead region being numbered with 0, 1 .... (b) The transverse mo-
mentum conservation law and how the transverse momenta in the unitcell repre-
sentation and the supercell representation are related. (c) Specular transmission
process through a perfect interface where the transverse momentum is conserved,
ki = ky. (d) Nonspecular transmission processes through a disordered interface,
where k; | = k) +mG, +nG,, allows the scattering between valleys with different k.

Fig. 2-1 (c), for a perfect interface, ky,| is conserved, and we denote this type of scat-
tering process the specular transmission. For a rough interface shown in Fig. 2-1 (d),
kyc,| can be either conserved or nonconserved. Particularly, we denote the scattering

process with nonconserved k.| the nonspecular transmission.

We define the transmission probability matrix from the left side 7};(E, kq,) as
the ratio between the normal current of the transmitted state j to the incident state
1. Formally, we can express the specular and nonspecular transmission probability

matrix with,

Ts,ji(Ea ksc,H) = T‘]z(Ea ksc,|| )7 when kuc,||,j = kuc,||,i (2 2)

Tns,ji(E7 ksc,||) = ﬂz(Ea ksc,||)7 when kuc,H,j * kuc,||,i

The elements of the transmission probability matrix from the left side is given by,

Tji(E, Kee,) = [trr,ji(E, Ko, (2.3)
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where the transmission matrix tgy ji(E, ks, ) is related to the Green’s function|75|,
tre (B, X)) = iv/VAIURT G o[UF TV (2.4)

The formal definitions and detailed calculations of the velocity matrices Véﬁ, eigen-
vector matrices U;//(Z and Green’s function G .10 can be found in the Appendix A.
Note that the calculation of the velocity matrices and eigenvector matrices require
the surface Green’s function gz//’;%(E,kSQ”). We apply the Fourier transform to the
Hamiltonian to obtain the block-diagonal surface Green’s function. Then, we apply
the inverse Fourier transform to obtain the surface Green’s function. These proce-
dures allow us to invert small matrix multiple times rather than directly inverting

the large matrix, which greatly boosts the computational efficiency. The detailed

implementation can be found in Ref. [76].

2.3 Results and discussions

2.3.1 Band structures

We study the [001] Si/Ge interface as it is a classical semiconductor interface used
in a wide range of applications such as quantum information storage[51|, strained
field-effect transistors|?, ?| and thermoelectrics|77, 53]. To start with, we exam-
ine the bands structures for Si and Ge individually. We use sp3d®s* Slater-Koster
tight-binding model|78, 79| to construct the Hamiltonian, with hopping integral pa-
rameterizations from Niquet et al[80]. More specifically, the hopping integral varies

with the bond length according to a power law,

I )Xaﬁv (2.5)

Vasy(L) = Vo,apy (L_o

where a and [ refer to the orbital types, v is the type of bond, L is the bond length,
Ly is the unstrained bond length, 1} o, is the hopping integral for unstrained bond,

and Xqp, is the power law exponent. The band structures using this set of hopping
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integrals have shown an excellent agreement with GW calculations with various strain
ratios|80]. The bulk Si and Ge have mismatched lattice constants with ag; = 5.431
A and age = 5.658 A. Correspondingly, the unstrained bond lengths for Si and Ge
are 2.352 A and 2.450 A, respectively. For simplicity, we study the lattice-matched
interface and we assume the Si-Si and Ge-Ge bond lengths are the same, L = 2.398 A,
which is relaxed Si-Ge bond length found by Niquet et al[80]. Furthermore, we rescale
the Ly for Si-Si bond and Ge-Ge bond to be L = 2.398 A to ensure that the Si’s and
Ge’s band structures are the same with their unstrained bulk band structures|81, 82].

In our calculation, the spin-orbital coupling is not included.

First, we compare the band structures FE,(k) of bulk Si and Ge along high-
symmetry paths and examine the distributions of electron/hole pockets in the first
Brillouin zone, as depicted in Fig. 2-2 (a), which clearly shows that the conduction
band pockets for Si and Ge are distributed very differently, whereas their valence band
pockets are quite similar. In particular, the highest valence bands for Si and Ge are
both at I' point. In contrast, the conduction band edge for Si is close to X point along
the I'X path (in the following, we denote this point A), while the conduction band
edge for Ge is at L point. In addition, there are 6 pockets for Si’s lowest conduction
band at A point, while there are 4 pockets (or 8 half-pockets) for Ge at L point. The
second-lowest conduction band for Si is at X point. The second- and third-lowest

conduction bands for Ge are at I" point and A point, respectively.

Next, we look into the symmetry properties of the Bloch wavefunctions in order
to develop an understanding of how symmetry affects the transmission. In the bra-
ket notation, the transmission matrix element is directly proportional to the Green’s
function matrix element,

tji o< (uy| G Jus) (2.6)

~ Ao—1 ~
where G = (EI -H ) is the Green’s function operator and H is the Hamiltonian
operator[30, 83]. It is easy to show that G inherits all symmetries of H[84]. For
|u;) and |u;) with certain type of symmetries, the transmission matrix element ¢;; is

guaranteed to vanish according to group theory[85]. Thus, it is essential to identify
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Figure 2-2: (a) The band structure for bulk Si, Ge along high symmetry lines in the
first Brillouin zone. Left inset: the three-dimensional first Brillouin zone of Si (Ge)
and its projection on the (001) plane. Right inset: the atomic structure for Si (Ge)
unitcell along [001] direction. (b) The band structures for Ge and tensile-strained Ge
(2 %). (c) The band structures for Si and Ge slabs along high symmetry lines in the
surface Brillouin zone. The slab contains 108 atom layers (27a in thickness with a
the lattice constant).

x

the symmetries of Bloch wavefunctions of the two sides.

To describe the symmetry properties of Bloch wavefunctions in Si and Ge, the
Bouckaert-Smoluchowski-Wigner (BSW)[86] notation is adopted in Fig. 2-2 (a), which
marks the irreducible representations for the Bloch wavefunction. The different ir-
reducible representations of the same group (labeled by the same Greek letter with
different subscripts) are orthogonal to each other. The character tables for different
groups can be found in group theory textbooks|85] and online databases|87|. They
describe how the Bloch wavefunction transforms under different symmetry operations.
For instance, the states of the lowest conduction band of Si at A point transform as
A1 representation under the symmetry operations of Cy, group. On the other hand,
the states of the second-lowest conduction band in Ge at A point transform as Ay
representation. Without the loss of generality, we consider the A points along the z
axis [(0,0,1) axis|. In this case, one of the Cj, group elements is the symmetry oper-
ation S = {Cy]ry} with 7, = 1(a,a,a), which first rotates the Bloch wavefunction by

90 degree with respect to the z axis and then applies the translation operator by 7.
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When applying S to a state |u;) of A, symmetry, we have S |u;) = 1-eik=/4 |i;), where
k. is the wavevector’s z component. The phase factor e*=%/4 appears because the
space group of Si (Ge) structure is nonsymmorphic. In comparison, when applying
the same operator S to a state u; of Ay symmetry, we have S|u;) = -1 - eth=a/4 [y;).
Intuitively, one can regard A; as “even” and Ay as “odd” in a more generalized way.
If the incident and transmitted states are not compatible, they will never interact.
Hence, knowing the symmetry properties of wavefunctions (i.e., their irreducible rep-

resentations) will be useful in the later analysis of the transmission probabilities.

Moreover, the strain effect can change the relative positions for different valleys
in the reciprocal space. We find that the strain generally has a smaller impact on Si
compared with Ge thus we only consider the case of applying strain to Ge. Since we
have already assumed the Si and Ge have the same bond lengths L = 2.398 A, we
change the equilibrium Ly of Ge from 2.398 A to 2.343 A while keeping L unchanged.
The corresponding hopping integrals V,s, defined in Eq. 2.5 are altered and the Ge
band structure is accordingly changed. Equivalently, we have applied a tensile strain
of 2 % to Ge. In Fig. 2-2 (b), we compare the band structures of strained Ge (sGe for
short) with the relaxed Ge. The elongated bond pushes the second-lowest conduction
band downwards and make it the lowest conduction band. It also shifts the third-
lowest band further upwards. Meanwhile, the strained Ge-Ge bond also makes the
valence band upwards and thus causing a smaller bandgap. The features of the sGe

band structure are consistent with other works|51, 88|.

When forming an interface, the translational symmetry is broken along the di-
rection normal to the interface, and the band structures are now projected to the
two-dimensional surface Brillouin zone, as depicted in the left inset of Fig. 2-2 (c).
We conduct a slab calculation to study the projected band structure. The slab is
periodic along x and y directions and finite in z direction. The unitcell for Si (Ge)
slab along [001] direction contains 4 atoms, as shown in the right inset of Fig. 2-2 (a).
Note that the atomic structure of Si (Ge) has mirror symmetries with respect to (110)
and (110) planes. In Fig. 2-2 (c), we find that the highest valence bands of Si and Ge

are both projected to the I' point. Two out of the six lowest conduction band pockets
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of Si are projected to the I' point, two pockets are projected to a point between I'
and X point and the remaining two pockets are projected to a point between I' and
Y point. As for Ge, two of the four lowest conduction band pockets at L points are
projected to the X point and the remaining two are projected to the Y point. Since we
use a slab to compute the projected band structure, we observe the surface states[89]
for Si and Ge in the bandgap. They each have two degenerate surface states within
the x-y plane, one for the top surface, one for the bottom surface. However, in the
direction normal to the interface (z direction), these surface states are localized thus
do not contribute to the interfacial transport.

Lastly, we study the density of states for the projected band. The density of states
for the projected band structures at the given energy E and transverse momentum
kyc, is obtained by taking the imaginary part of retarded surface Green’s function

given by Eq. A.4 for the lead,
1
SDOS(E, kuc’”) = —%Imgg(E, kuc7||) (27)

where g7 (E,kyc) is the retarded surface Green’s function for a lead with a =
Si, Ge. From the density of states shown Fig. 2-3 (a), where we use color to indicate
In [SDOS(E, kyc,)], we identify the localized states in the bandgap, the continuum
spectrum of propagating conduction band electrons and the resonant states inside the

continuum spectrum.

2.3.2 Transmission through a perfect interface

We first study the electron transmission through a perfect interface. There are several
relevant physical quantities, and we want to clarify their definitions here to avoid
confusion. tgy ji(E, ke, ) is the transmission matrix, which is used to compute the
transmission probability matrix. Tj;(E, ks ) is the transmission probability matrix,
which described mode-to-mode transition probability, normalized by normal incident
current. T;(E, kg ) refers the transmission probability (transmittance) across the

interface for an incident electron ¢. The transmission spectrum T'(E, kg, ) is the
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Figure 2-3: The surface density of states SDOS(E, k) for (a) Si, (b) Ge and (c)
sGe. The logarithm of the surface density of state is indicated by colors and the spin
degree of freedom 2 is not multiplied. The transmission spectra T'(E, ky,) along high
symmetry lines in the surface Brillouin zone through (d) a perfect Si/Ge [001] interface
and (e) a perfect Si/sGe [001] interface. (f) Left panel: the transmission function
O(E) = 57— Yk T(E ky) for a perfect Si/Ge interface and a perfect Si/sGe

el uc, |

, =40 x40 is used). Right panel: the transmittance 7,(FE) = #’?{E)

from Si and Ge side, where Opyk o (E) is the transmission function for bulk o material.

interface (Ni,

number of transmission channels including all subbands that have same E and k.
The transmission function (we use transmission in short in figures) ©(F) describe
the total number of transmission channels at the given energy E and is the sum of
all transmission channels with different kg . Note that tgr ;i (E, ke,|), Tji(E, Kee,| ),
T;(E, K, ) depend on which side incident electron is from, whereas T'(E, ky ), O(E)

are independent of the side of incidence.

The transmission probability can be computed by summing the transmission prob-

ability matrix over all possible final states. And the specular part and nonspecular
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part of the transmission probability read,

Tsi(E. kse, ) = X5 Ts i (B Kse)) 2.8)

Tns,i(Ea ksc,ll) = Zj THS,ji(E7 kSC’”)

The transmission function is the measure of conductance channels and it can be ex-
pressed by, O(F) = O,(F)+0,5(F), where the specular and nonspecular transmission

function are defined by,

1
O4(E) = . kZ Ti(E Kse,))
sc,|| 2, sc, ||
2.9)
) (
@ns(E) = Z Tns,i(EakSC,”)
kSCv” ivksc,H

For the case of perfect interface, all the transmission processes are specular, hence we
have T j;(E, ks ) = Tji(E, ks, ). In addition, for the perfect interface, we only need
to construct a unitcell as the supercell such that the in-plane momenta in the unitcell

representation and the supercell representation are the same, kyc | = K-

The transmission spectrum is attained by T'(E,kyc,) = X Ti(E, Ky, ), where we
sum over all subbands with the same E and k. In Fig. 2-3 (d) and (e), we show the
transmission spectra T'(E, ky ) through the Si/Ge and Si/sGe interfaces. Comparing
with the surface density of states through examining the Fig. 2-3 (a)-(d), we see that
the transmission is non-zero only when the surface density of states for Si and sGe
overlap. This is due to the energy and momentum conservation requirement. For
example, the Ge’s lowest conduction band at X and Y does not have any corresponding
states in Si thus cannot contribute to transmission. Most of the overlapped states are
the valleys at I and along the I'M path, which corresponds to the lowest conduction

band in Si, and second- and third-lowest conduction bands in Ge.

Because of the mismatch of conduction band valleys of Si and Ge, a large “trans-
port gap” of 1.65 eV emerges at the I point. For a Si/sGe interface, the transmission
spectra for holes change slightly from a Si/Ge interface. The transport gap is 1.91 eV,

which even larger due to fewer energy and momentum matched conduction bands.
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Figure 2-4: The ensemble-averaged total transmission function ©(E') and nonspecular
transmission function ©,s(£) through rough Si/Ge interfaces for (a) electrons and (b)
holes in solid lines compared with the transmission function for a perfect interface in
dashed line. 21 configurations of 2x2, 8 ml disordered interfaces are used for ensemble
average. (c) and (d): the transmission function for Si/sGe interfaces. (e) and (f): the
ensemble-averaged mode-resolved specular and nonspecular scattering probabilities
at £ = 1.77 eV for rough Si/sGe interfaces defined by Eq. 2.8 as a function of in-
plane momentum k.. The calculation uses a 40 x 40 k. -point mesh. Equivalently,
it corresponds to a 80 x 80 k. mesh.

From the energy-resolved transmission and transmittance in Fig. 2-3 (f), we also find
that strain has much smaller impact on the hole transmission than the electron trans-
mission. This is because the valence bands stay at I' point even with strain, while the

strain changes the position of conduction bands in reciprocal space more profoundly.

What is intriguing is that at I' point, Si and sGe have overlapped conduction
band pockets, yet the transmission T'(E, ky,) is still almost zero. This implies that
there are other factors other than energy and momentum conservation which lim-
its the transmission. We found out that the zero transmission originates from the
different symmetries of the wavefunctions. In three-dimensional Brillouin zone, the
lowest conduction band of sGe is at I' point with [y symmetry. Under the symme-
try operation S = {Cy|7;} mentioned above, it transforms as S|ugr) = - |ugr). In
comparison, for the lowest conduction band of Si at A point, it satisfies S lup A) =
e*r.20/4|y; A). The Hamiltonian for a perfect Si/sGe interface should always have

“even” symmetry representation A;. Hence, it follows that SH = ekrzalA[] and
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SG = emibr=0/AG. As a result, the transmission matrix element should satisfy the con-
dition, ¢;; o< (uR7r|CA¥|uL7A) = (SuRI‘S’G‘SuL,A) = - (UR71“|GA(|UL7A>. Consequently, we
obtain that Tj; = |t;;]> = 0. Similarly, for the electrons at A point with k = (0,0, kg,),
they have Ay symmetry and transform as S|upa) = —€*r=9/4|jup o). Resultantly,
we have ¢;; o< (ug A CA?|UL7A) = (SuR7A| §G|§uL7A> = —(upal CA?|UL7A) and correspond-

ingly 7); = 0. In short, the transmission at [ is exactly zero, dictated by symmetry.

2.3.3 Transmission through rough interfaces

We add interface disorders in the form of atomic mixing. In particular, we randomly
swap pairs of Si and Ge atoms that have the same distance to the interface. We use
a larger supercell with in-plane periodicity to describe the rough interface. To mimic
an actual rough Si/Ge interface observed in experiments|58|, we make sure that the
further away from the interface, the fewer or equal number of atom pairs are swapped.
In the following, we define two measures of the degree of interface disorders along the
interface normal and along the transverse directions.

The first measure is the number of atom layers that are involved in atomic mixing.
If there are 2 layers of Si and 2 layers of Ge atoms that are involved in atomic
intermixing, the number of atoms that are swapped per layer follows a pattern of
12|2|1. We label such interface structure by 4 ml, in short for four mixing layers.
A larger ml number corresponds to the larger degree of disorders in the cross-plane
direction. The atomic number density of Si across the rough interface with different
mixing layers can be found in Fig. A-1 in the Appendix A.

The second measure is the size of the transverse supercell. For example, when we
construct a 2x2 transverse supercell with 4 ml structure, there are 2 out of 4 atoms
for the Si atom layer closest to the interface and 1 out of 4 atoms for the Si atom layer
secondly closest to the interface involved in atomic mixing. When we use a larger
transverse supercell (3x3 or 4x4), we let the number of swapped atoms unchanged.
The larger transverse supercell we use, the smaller degree of disorders along the
transverse directions. For a given ml number and a given supercell size, we generate

21 random configurations and compute the ensemble average of the transmission and
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reflection probability matrix elements.

We found that the total transmissions for electrons and holes are both enhanced
for rough Si/Ge and Si/sGe interfaces compared with the corresponding perfect in-
terfaces, as shown in Fig. 2-4 (a)-(d). Particularly, the total transmission function
for a perfect Si/sGe interface with energy E ranging from 1.5 €V to 1.9 €V is zero,
whereas transmission function for the corresponding rough interface is largely en-
hanced by nonspecular scattering processes. For the hole transmission, we notice
that the nonspecular part is much smaller than the specular part and the enhance-
ment in the total transmission is not significant, although the transmission for both
electrons and holes are enhanced by the rough interface compared with the perfect
interface. This is because holes are close to k = 0 and have long wavelengths. In
Fig. A-2 of Appendix A, we have shown the dependence of transmission function
on the degree of disorders along transverse and longitudinal directions. It turns out
that the smaller transverse supercell dimensions and large mixing layer numbers are
in favor of the nonspecular transmission. The smaller transverse supercell provides
a large G|, which allows the transition between valleys with large momentum mis-
match. The larger degree of disorders along the perpendicular direction can lower the
lateral symmetry to a greater extent and provides more channels that are previously
forbidden by symmetry. Moreover, the effective thickness § of the interface roughness
along the perpendicular direction increases with increasing ml number. The inter-
face roughness preferably couples with carriers with |k,| ~ 27“. The enhancement of

transmission will be promoted if the corresponding valley satisfies |k,| ~ 2.

In Fig. 2-4 (e), we plot the mode-resolved specular transmission and reflection
probabilities at &/ = 1.77 eV as a function of their unfolded momentum k. . We find
that the overlapped valleys for Si and sGe at I' point lead to small specular trans-
mission probability. This is because the atomic mixing at the interface breaks the
symmetry of Hamiltonian H and the above-mentioned symmetry-forbidden transmis-
sion at I point is now allowed. In Fig. 2-4 (f), we show the nonspecular transmission
and reflection probabilities. The majority of nonspecular transmission processes are

found to be starting from the I' and M point in Si to the X and Y point in sGe.
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These processes correspond to the transition between the lowest conduction band of
Si at A point and the lowest conduction band of Ge at L in the three-dimensional
Brillouin zone. Si’s conduction band at A point and Ge’s conduction band at L point
are both far from I' point and the conduction electrons have small wavelengths. The
characteristic length of disorders has to be small to contribute to the nonspecular
interface scattering. Thus, smaller transverse supercell dimensions, i.e., atomic-scale

disordered structures, are in favor of more nonspecular transmission channels.

We can define the specular and nonspecular reflection probabilities similarly to
the transmission. By examining the specular and nonspecular reflection probabili-
ties, we find that the newly emerged nonspecular reflection channels are accompanies
by the removal of the specular transmission channels at the same k.. Although
the increasing nonspecular reflection probability is detrimental for interfacial trans-
port, there are overall more nonspecular transmission channels than the nonspecular

reflection channels thus total transmission is still enhanced.

With the knowledge of the transmission function, we proceed to compute the
contact resistance. The Landauer-Biittiker formalism is used to compute the two-

probe conductance,
2¢? of
=—— EFO(F)— 2.1
G2 A / d @( )8E ( 0)

where h is the Plank constant, f = is the Fermi-Dirac distribution function

1
B-m[FpT 4]

and the factor 2 describes the spin degree of freedom. The subscripts 1 and 2 refer

to the left and right sides. The four-probe conductance can be computed by[29, 30],

1

G, =
Gy -3 (Gl +G33

(2.11)

where (G1; and GGy are the two-probe conductance for bulk material 1 and 2, respec-
tively. In practical calculations of the conductance for a bulk material, we let the two
leads and devices all consist of same materials. Then, the specific contact resistance
is defined by,

A

- = 2.12
= (2.12)
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where A is the cross-section area.

In Fig. 2-5, we observe over an order of magnitude reduction in the contact resis-
tance for conduction electrons through the rough Si/sGe interface at various temper-
atures compared with the corresponding perfect interface. For the rough Si/Ge inter-
face, a much smaller reduction in contact resistance for conduction electrons is found.
This is because the perfect Si/Ge interface does not have the symmetry-forbidden
transmission for low-energy conduction electrons as the perfect Si/sGe interface does.
As a result, for Si/Ge interface, the lowered symmetry due to interface roughness
does not benefit as much as the Si/sGe interface. For valence bands, the hole contact
resistances for Si/Ge and Si/sGe interfaces are only slightly reduced by the interface

disorders, as most holes from two sides have compatible momenta and symmetries.

Last but not least, we want to examine how the symmetry of the disordered
interface changes the nonspecular transmission. The nonspecular transmission prob-
ability can be analyzed using perturbation theory[90, 76] and we argue that the non-
specular transmission probability is proportional to the scattering matrix element,
tnsji < (uj| AH |u;), where the perturbed potential is the difference between the po-
tential energy for disordered interface and perfect interface, AH = Hough — Hperfect-

For different disordered interface structures, the symmetry of AH can be different.

In Fig. 2-6, we have shown the nonspecular transmission for three representative
disordered interface configurations. In Fig. 2-6 (d), we have plotted the projected
band structures of Si and sGe, sorted according to the symmetries of Bloch wave-
functions under mirror operation. The conduction band for Si and sGe are both
even under the o, operation, thus it is preferred to have AH with even symmetry
as well such that t,s;; o< (u;| AH |u;) = (0,uj| 0, AH |oyu;) = (u;| AH |u;) and t,j; is
not forbidden by symmetry. As for the case with no mirror symmetries along x or y
directions, the symmetry of the whole system is lowered and the symmetry analysis
for t,s j; does not work. Although there are some nonspecular transmission channels
for the case with no mirror symmetry, the nonspecular transmission still favors the
disordered structures with compatible symmetries with the initial and final states

than those without.
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Figure 2-5: The specific contact resistance for (a) electrons and (b) holes for rough
Si/Ge interfaces in solid lines and for the perfect Si/Ge interface in dashed lines at
various temperatures. The specific contact resistance for (c) electrons and (d) holes
for rough Si/sGe interfaces in solid lines and the perfect Si/sGe interface in dashed
lines at various temperatures.
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Figure 2-6: (a) The disordered structure with both o, and ¢, symmetry. (b) The
disordered structure without o, yet with o, symmetry. (c¢) The disordered structure
without o, and o, symmetry. o, and o, refer to the mirror symmetries along the x
and y directions. In (a)-(c), the open circles are the Si atoms and the filled circles
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refer to the swapped Ge atoms. The larger circles represent the atoms closer to the
interface. We only plot the Si side here, and on the Ge side the swapped Si atoms

have the same transverse positions with the swapped Ge atoms on the Si side. (a)-
(c) all correspond to 4 x 4, 2 ml structures. (d) The projected bulk band structures
of Si and sGe along I'X in the surface Brillouin zone sorted by their symmetries.
(e) The nonspecular transmission function O,5(E) for the three disordered interface

structures plotted in (a)-(c).
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2.4 Conclusion

We have studied the charge transport through a [001] Si/Ge interface. The transmis-
sion though a perfect interface must be specular. The electron transmission through
the Si/Ge interface is very low due to momentum-mismatched band structures. The
incompatible symmetries of the electron states at different pockets also forbid the
transmission, leading to a high contact resistance. However, with atomic mixing at
the interface, the symmetry is lowered and the previously forbidden transmission is
allowed. In addition, the nonspecular transmission connecting electron pockets with
different transverse momentum is enabled by those interface disorders. As a result,

the specific contact resistance is reduced by over an order of magnitude.
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Chapter 3

Phonon transport through rough

interfaces

3.1 Introduction

The interface between two dissimilar materials, or even same materials but different
crystal orientations, can scatter phonons and gives rise to the thermal boundary resis-
tance for heat flow across the interface[8, 91, 92]. One model for the thermal boundary
resistance is based on assuming that phonons are specularly scattered at the inter-
face and computing the phonon transmittance and reflectance based on acoustic wave
equations, i.e., the acoustic mismatch model (AMM)[93, 91]. However, it was found
that the AMM only works at very low temperatures at which the phonon wavelengths
are long. At elevated temperatures, phonons of short wavelengths carry most of the
heat, and they do not experience specular transmission /reflection due to interface im-
perfections, such as atomic mixing. The diffuse mismatch model (DMM) is proposed
as an extreme to describe phonon transport across such rough interfaces[8|. Two ma-
jor assumptions are made in the DMM. Firstly, the transmittance is isotropic, i.e.,
transmittance is angle-independent. Secondly, phonons lose memory of their origin
after being scattered by the interface such that one cannot distinguish if a phonon
has just been through a transmission or reflection process. Although the DMM has

improved the agreement with experimental measurements of thermal boundary resis-
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tance at high temperatures|94, 95|, the assumptions behind DMM have never been

examined in detail.

The thermal boundary resistance has been studied using equilibrium molecular
dynamics|[96, 97, 98| and nonequilibrium molecular dynamics|[99, 100, 101|. In particu-
lar, phonon-mode-resolved transmittance had been formulated, which builds upon the
atomic trajectories at steady state from molecular dynamics (MD) simulations|[102],
where the anharmonicity of phonons is intrinsically included. It has been applied
to study mode-resolved transmittance through perfect interfaces, yet it has not been
used to examine details of diffuse phonon transmittance across a disordered interface.
Phonon wave-packet dynamics technique has been applied to compute the trans-
mittance and reflectance of each phonon mode, and the Kapiza resistance can be
calculated using Landauer formalism|[103, 104]. The MD simulations and, especially
the wave-packet dynamics simulations, however, require large structures in real space,
including two bulk regions and the interface region, and simulating phonon transport
through a rough interface with a large lateral dimension becomes computationally

extensive.

The atomistic Green’s function (AGF) has been shown as an effective method to
study phonon interfacial transport[105, 37, 106]. The method is formulated in recip-
rocal space such that one does not have to deal with large-scale simulations of atomic
displacements in real space. Recent advances in calculation of interfacial thermal
resistance using the AGF have provided more insights in understanding interfacial
thermal resistance with detailed information including mode-resolved transmission
coefficients|[107, 108, 109, 105]. Specifically, Ong et al studied the phonon specular-
ity and coherence for phonon transport through a disordered grain boundary in two-
dimensional graphene, and showed that incoherent phonon scatterings at interface are
almost perfectly diffusive[110]. Ong also demonstrated that the specularity parame-
ters are different for transmittance and reflectance for graphene grain-boundaries|111].
Using AGF combined with ab initio inter-atomic force constants, Tian et al found
that the intermixing of atoms for Si/Ge interface can enhance interfacial thermal

conductance[106]. Sadasivam et al demonstrated using phonon-eigenspectrum-based
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formulation of AGF that the enhanced interfacial thermal conductance of a Si/Ge
interface with atom intermixing comes from diffuse transmission channels where the
in-plane momentum is not conserved|[108]. The scattering boundary method (SBM),
a mathematically equivalent method to AGF has been proposed by Young et al[112]
and generalized by Zhao et al[113] to study mode-resolved phonon scattering at the
interface. Simon et al[114| has applied SBM to study phonon scattering at the inter-
face between two-dimensional materials. Recently, Latour et al have demonstrated
the transmission spectra across a perfect interface as a function of incident angle of
phonons, using mode-resolved AGF[109]. However, in order to study diffuse phonon
scattering, a supercell of a rough interface with a large lateral dimension is required.
In addition, the folded lateral wavevector in the supercell must be carefully mapped
back to the wavevector defined in the original unitcell. We realize that, despite these
studies, none of them had critically examined the validity of DMM for diffuse phonon
scattering.

In this Chapter, we conduct mode-resolved AGF calculation of transmittance
and reflectance, and revisit the assumptions of DMM. Our study reveals that most
phonons do not lose their memory of origin. We also derive an analytical expression
for the diffuse transmittance and reflectance based on a continuum model, and show

that it works reasonably well at low frequencies.

3.2 Methodology

3.2.1 Revisiting DMM

To derive the DMM, Swartz and Pohl|8] have made two major assumptions. The first
assumption is that phonons are diffusely scattered by the interface and the transmit-

tance is isotropic,

Tr-r(w,qu) =T g(w) (3.1)

where q is the wavevector of the phonon with frequency w and v is the phonon branch

index on the left side. The second assumption is that the transmittance from one

57



side must equal the reflectance from the other side, i.e., complete loss of memory,

RR_)R(w,ql/) ZTLQR(W) (32)

Consequently, the transmittance from right side writes,

Tror(w,qv) =1-T r(w) (3.3)

At a given frequency, by invoking the principle of detailed balance, the transmit-

tance in the elastic scattering limit writes,

Tr-r(w)

v
i by (1 - wi g)

= Z+ VLz,qu 5(w _ CL)L7q1/) + Z+ VRz,qu 6(0.) _ wquV) (34)

qv Vuc,L qv Vuc,R

_ @bulk,R(w )
@bulk,L(w) + ®bu1k,R(w)

where v, o, With a = L, R is the group velocity normal to the interface for phonons
from the left or the right side, wy g, is the phonon frequency and V.., is the volume
of unitcell of the left and the right side. The superscript + means that only forward-
moving states with v,, q, > 0 are included in the summation. The transmittance can
also be written in terms of the ratio of transmission functions, as expressed in the
second line of the equation. Oy z/r(w) is the bulk transmission function for the
left /right side, which is a measure of the number of heat conduction channels.

To assess the validity of DMM, we examine if the transmittance and reflectance
are indeed isotropic and if the transmittance from one side and reflectance from the

other side are the same.

3.2.2 Mode-resolved atomistic Green’s function formalism

The essential physical quantities to study diffuse phonon scattering by a rough inter-
face are the transmission probability matrix 7T;,,(w) and reflection probability matrix

Ry, (w) at a given phonon frequency w, which describe the transition probability from
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the initial state n to the final state [ or m via interface scattering processes. These
matrices are computed from mode-resolved atomistic Green’s function formalism as
outlined in Ref. [75, 107, 110], with details provided in the supplementary material
in Ref. [76]. Specifically, we divide the system of interest into three parts, the left
lead, the right lead and the device. We have applied decimation technique in com-
puting the surface Green’s function for the leads[115]. The recursive Green’s function
method is used to compute the Green’s function for the device region|[116, 117]. A
propagating state coming out of one lead can be transmitted through (or be reflected
by) the device region and travel to the other lead (or the same lead). We then com-
pute the ratio of the heat flux along the z direction of the outgoing state m (or state
[), to the heat flux along the z direction of the initial state n, which is the element of

transmission probability matrix 7}, (w) (or reflection probability matrix R, (w)).

For a rough interface created by atomic mixing at the interface, the transverse
translational symmetry is broken by the interfacial disorders. It is impractical to
compute scatterings of an infinitely large rough interface. Instead, we construct a
supercell of two materials and a rough interface between them with periodic boundary
conditions along the transverse directions (x-direction and y-direction). Because of
the transverse periodicity of the supercell, the phonon state of the lead region defined
at a given transverse wavevector gy can only be scattered into phonon states of the

lead region (either the left or the right lead) with the same wavevector ggc,|.

The lead part of the supercell contains NN, x N, repeated unitcells, as depicted
in Fig. 3-1 (a). The period lengths of the lead along the direction normal to the
interface are a, , for the left lead and a, r for the right lead. The phonon wavevec-
tors parallel to the interface in the supercell and in the unitcell representations are
related via que,| = Qse,| + AGgew + 0Gycy, Where a and b are integers. Gy, and Gy
are transverse reciprocal lattice vectors of the supercell. The phonon states at the
corresponding equivalent wavevectors (with same ¢, and same branch index) in the
two representations are equivalent|[118]. The phonon state in the unitcell represen-
tation is preferred as it is much easier to interpret than the supercell representation

(we will hide subscript uc in the following for visual clarity). However, for a given
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supercell state g |, there are multiple possible choices of a and 0. To find out the
correct pair of a and b for wavevector q| is known as an unfolding problem. We have
adopted the unfolding scheme by Popescu et al|74] and the details can be found in
the supplementary material in Ref. [76].

For an interface scattering event, the transverse wavevectors for initial state n and

final state m in the unitcell representation are constrained by,
dn = qm + aGsc,:p + bGsc,y; (35)

where a and b are unknown integers, as wavevectors of initial and final states in
the supercell representation can be unfolded differently. This expression indicates
that the interface scattering can either be a momentum conserved (specular), when
a = b =0, or momentum non-conserved (diffuse) process for other a and b values.
Depending on the transverse wavevector of state n and state m, the transmission
probability matrix can be categorized into specular and diffuse transmission parts

T (W) =T un (W) + T yun(w), Where

Tsmn(w) = Tnn(w), when qjn = q)m (3.6)

Td,mn(w) = Tmn(w)’ when qH,n # q”vm

The reflection probability matrix can be analogously expressed by, Ry, (w) = Ry, (w)+
Ran(w), where

Rs,ln(w) = Rln(w)a Whenq n =4,
I I (37)

Ry n(w) = Rin(w), whenqy,, # q,

The diffuse transmittance for a given incident phonon n from the left side is defined

by summing over the scattering probabilities of all possible outgoing states,
Tar-r(w, Q) =) Timi(w) (3.8)

where €y = (0, ¢) indicates transmittance is a directional quantity. The polar and
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az L az,R
a1,n=41,m*taGs|

a=0, specular transmission
a#0, diffuse transmission

q1,n=91,+bGs,

b=0, specular reflection
b+0, diffuse reflection

Figure 3-1: (a) In AGF, the system is partitioned into three parts: two semi-infinite
leads and a rough interface as the device region. The lead region in the supercell,
contains /N,. unitcells and transverse lattice vector Ry, = Ny, Ry.. The numbers
0, 1, ... denote the index of repeated cells for left and right leads. The period
lengths along the direction normal to the interface are a,; and a, pr for the left and
right lead, respectively. (b) The in-plane wavevector for incident, transmitted and
reflected phonons, qj,, q)m and q;. a = 0 corresponds to specular transmission,
while a # 0 corresponds to diffuse transmission. Similarly, b = 0 corresponds to
specular reflection, while b # 0 corresponds to diffuse reflection. Note the schematic is
drawn for two-dimensional system for visual clarity and for three-dimensional system
the partitioning and wavevector conservation laws can be analogously defined.

azimuthal angles are defined in a coordinate system where the interface normal lies
along the z-axis, 6 = arccosﬁ, ¢ = arctan:j—z. v = (Vy, vy, v,) is the group velocity for
incident phonon n from the left side and we use L - R to denote the trajectory of
the phonon. The reason for using the angle of the group velocity rather than the
phase velocity (or wavevector) is that group velocity is a uniquely defined quantity
irrelevant to the choice of in-plane Brillouin zone while not for the phase velocity.
Likewise, the diffuse reflectance for a given initial state n from the left side and from

the right side read,

Riama(w,Qa) = D R3TH (W) (3.9)

61



bt
oo

2 Tysizce(2si) b Race-ce(f2ce) e
90° 90

bad
o

AProbability
o
N

.
(5]

—e— ATy, sice
—e— ARy, ge-ge

0.0
0 5 10
Frequency (THz)
f
1.0 —— ﬂTd,Ge-'St
—s— DRy siasi
0.8
S
=
a 0.6
3
E 0.4
[a
<o.2
0.0

0 5 10
Frequency (THz)

Figure 3-2: The angle-resolved (a) diffuse transmittance Ty gi-ce(€2si) from the Si
side and (b) diffuse reflectance Ry Gesge(§2ge) from the Ge side at w = 5 THz. The
angle-resolved (c) diffuse transmittance Ty ge-si(€2ge) from the Ge side and (d) diffuse
reflectance Rggisgi(€2s) from the Si side at w =5 THz. Q, = (04, ¢a), @ = Si, Ge is
the direction of incident group velocity. The radial coordinate corresponds to the
polar angle 6, (angle of incidence) and the polar axis corresponds to the azimuthal
angle ¢,. (e), (f) The difference between maximum and minimum diffuse scattering
probability as a measure of the anisotropy of diffuse scattering probability. The diffuse
scattering probability is obtained by taking the ensemble average of calculations for
21 structures of 8 ml disordered configurations with a 20x20qg, |-point mesh.

where o = L, R. The specular transmittance and reflectance can be similarly defined.

Furthermore, to study the impact of diffuse phonon scattering on interfacial trans-
port, we compute the transmission function ©(w), which accounts for the total phonon

conduction transmission at a given frequency w, defined by,
O(w) = Bg(w) + Oq(w) (3.10)

Os(w) and O©4(w) are specular and diffuse transmission function obtained by summing
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over all possible incoming and outgoing states at a given frequency|119],

Os(w) = Z T (w)

(3.11)
Oq(w) = Z TdL ;Lf
The specular and diffuse reflection function is defined by,
ES,a(w) = Z R:;ﬁ(w)
mn (3.12)

Bda(w) = Z R (W)

with a = L, R. Note that the transmission function for two sides are the same due
to the time-reversal symmetry of the transmission probability matrix but not for the

reflection function.

3.2.3 Continuum modeling

In addition to the AGF simulation, we also derived analytical formulas for diffuse the
transmittance and reflectance from continuum modeling with details provided in the
Appendix B B. The model assumes scalar acoustic waves and random mass disor-
ders distributed at the interface, and hence neglects mode conversion at the interface.
The model is derived based on perturbation theory and it only takes the density
pL, Pr, bulk modulus ur, pur and number of pairs of swapped atoms per unit area
n as parameters. The model captures the specific contributions to the total trans-
mittance/reflectance of specular and diffuse scattering processes and allows one to
calculate diffuse and specular transmittance and reflectance components analytically.

We assume a linear dispersion w = ¢|q|, where the sound velocities for the left
and right side are ¢y, = \/m and cg = \/m, respectively. Due to the simple
dispersion relation, the transverse q; can uniquely define a forward-moving phonon
state. Thus, we use q; and qﬂ to denote the initial and final states, instead of
using m and n. The momentum for a phonon state in the left side is (qj,qr) =

w [ . . . .
E(sm@mosgb,sm%smgb, cosfly), where ¢ is the perpendicular momentum. For a
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Figure 3-3: (a), (b) The diffuse transmittance T, from one side and the diffuse
reflectance Rqp from the other side as a function of the polar angle of the incident
phonon at w = 3.3 THz. The markers are obtained by integrating 7,;(2) and R4(2)
from AGF calculation for 8 ml structures over the azimuthal angle ¢ divided by 2.
The solid lines are predictions from continuum modeling with the number of pairs
of swapped atoms per unit area n = 2.78/a? and a = 5.527 A. (c), (d) The average
diffuse transmittance T, ,(w) from one side and the average diffuse reflectance Ry 5(w)
from the other side as a function of frequency from AGF calculation in solid lines,
compared with DMM in dash-dot lines. (e)-(h) are the specular transmittance and
specular reflectance corresponding to (a)-(d).

specular transmission process from the left side to the right side, the transverse mo-
mentum is conserved. Thus, the corresponding transmitted phonon state on the
right side is (qy,qr) = %(sin@Rcosgb,sin@Rsingb,coseR). It follows that the perpen-
dicular velocities for the initial and final state are vy = ¢rcosfr = cL\/W,

VR = crCosOr = cp\/1 — C?{|Q|| |?/w?, respectively.
From our continuum model, the diffuse transmittance for a given incident state

from the left side writes,

d?q|
Td,LaR(w,QL)Zf(QW;I2T§%R(W,QI|>Q|) (3.13)
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Figure 3-4: The frequency-resolved (a) diffuse and (b) total transmittance/reflectance
from Si and Ge side with different mge/mg; from AGF calculation for 8 ml structures
and DMM. wpax is the maximum allowed frequency for non-zero transmission function
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where

TdL%R(wa q1| I qH ) =
PRU}g PLUL

’ 72 2
lorvy + prVR[ [prvr + prVR|

(3.14)
4072V,

Here, V5 is a quantity related to density of mixed atoms at interface (see Appendix
B B). Essentially, we have integrated over all possible final states qil on the right-hand
side. Note that the final transverse momentum is bounded by |q”| <=

The diffuse reflectance for a phonon state from the left-hand 81de is,

d*q;
Ropon(w.0) = [ G (@ df.ar) (3.15)

where

Rcli/_)L(w7 qh ) q||) =
pLVL, PLUL

I 712 2
|M%+M%HMW+MW|

(3.16)

4wV,
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and the transverse momentum of the final state is bounded by |qf|| <&

d2 ’ ’
If we denote F(w) = [ —q”24w‘2V2L2, the diffuse transmittance from one
(2m) loL v +pRVYg|

side and the diffuse reflectance from the other side can be respectively expressed by,

/
PRUR

Ta,r-1(w, Q) = )
|PLUL + PRUR|

F(w) (3.17)
PLUL

Rd,L—»L(w7 QL) = D)
|pLvL + pRVR|

F(w) (3.18)

It is evident that they are both anisotropic since they depend on perpendicular inci-

dent velocity. Their ratio writes,

Tap-r(w, Q%)  prVR lprvr + prVR|’

Rar-1(w,Q)  pruL lprvl + pRvHQ

(3.19)

which is not a constant. Thereby, our continuum model suggests that the diffuse
transmittance from one side and the diffuse reflectance from the other side are gen-

erally not equal.

3.3 Results and discussions

We study phonon transport through a disordered [001] Si/Ge interface by creating a
3x3 supercell (along x and y direction). We use the average of Si’s and Ge’s lattice
constants, a = 5.527 A, as the lattice constant in generating the supercell structures
and the Stillinger-Weber inter-atomic potential to compute the dynamical matrix and
Green’s function[120]. The interface is constructed by randomly swapping Si and Ge
atoms with the same distances to the interface and the further away from the interface
the fewer atoms are swapped. At even further distances from the interface, no Si and
Ge atoms are swapped. For instance, when we have 2 layers of Si and 2 layers of
Ge atoms are mixed, 2 pairs of Si and Ge atoms will be swapped in the Si and the
Ge layer closest to the interface and 1 pair of Si and Ge atoms will be swapped in
the Si and the Ge layer secondly closest to interface. In this case, we have a 1]2|2|1

configuration, with each number denoting the number of swapped atoms within the
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same layer. We label such interface structure by 4 ml, in short for 4 mixing layers in
total. Apparently, a larger ml number means a larger degree of disorder. We generate
21 configurations for each given total mixing layers and compute the ensemble average
of the transmission and reflection probability matrix Tk>(w), TE>F(w), RE>1(w)
and RE-R(w).

We first examine the angular dependence of ensemble-averaged diffuse transmit-
tance and reflectance at a given frequency to ascertain whether or not they are
isotropic. In Fig. 3-2, we find strong angle dependence of diffuse transmittance and
diffuse reflectance from the Si side as well as the Ge side, contradicting the assump-
tion of isotropic reflectance and transmittance underlying the DMM. The diffuse
reflectance from Ge to Ge is found to be overall higher than the diffuse transmittance
from Si to Ge. The diffuse reflectance from Si to Si is in a similar range compared with

the diffuse transmittance from Ge to Si, although their explicit angle dependences are

drastically different.

If the DMM is valid, the diffuse transmittance from one side and the diffuse re-
flectance from the other side should be isotropic. We compute the difference between
the maximum and minimum scattering probability at different frequencies, as a mea-
sure of anisotropy, shown in Fig. 3-2 (e) and (f). We observe that the diffuse scattering
probability generally varies in a wide range. For example, the diffuse reflectance from
the Si side at high frequencies ranges almost from zero to one. Hence, we conclude

the diffuse transmittance and reflectance from both sides are highly anisotropic.

Additionally, we find out that the patterns of diffuse transmittance and diffuse
reflectance do not have two perfect diagonal reflection axes as the perfect Si/Ge [001]
interface structure does. This is the consequence of ensemble average of disordered
structures, where each structure might have broken the reflection symmetry, and it
is not guaranteed to recover the original symmetry after ensemble average. Still, we
can clearly observe a clover-like pattern for the diffuse transmittance and reflectance
from the Si side, which originates from the pmm symmetry of the phonon bands for

a perfect [001] Si/Ge interface.

In particular, to quantitatively study how the diffuse transmittance and diffuse
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reflectance depend on the polar angle, we integrate the angle-dependent scattering
probability over the azimuthal angle. As shown in Fig. 3-3 (a), at w = 3.3 THz, the
diffuse transmittance from Si is lower than the reflectance from Ge, while in Fig. 3-3
(b), the diffuse transmittance from Ge is higher than the diffuse reflectance from Si. It
is interesting to note that the continuum model agrees well with the results from AGF
when incident states are from Si, suggesting the model captures the physics of diffuse
phonon scattering. On the contrary, the continuum model predicts a different diffuse
scattering probability profile compared with the calculation from AGF when incident
phonons are from Ge. From the analytical expression in the continuum model for
diffuse scattering probability (Eq. 3.13 and Eq. 3.15), we learn that the peak in diffuse
transmittance and reflectance profile corresponds to the critical angle for total internal
reflection (37 degrees). In comparison, the scattering probability profile from AGF has
two peaks (9 degrees and around 50 degrees). In Fig. 3-3 (e) and (f), we find that the
specular transmittance and reflectance have a much stronger dependence on the polar
angle compared with their diffuse counterparts. Our continuum model for specular
scattering probabilities again shows good agreement with the AGF calculation except
incapable of capturing the multiple peaks arising from total internal reflection. Note
that the continuum modeling is based on a scalar field, where the polarization vectors
are not included. The difference between continuum modeling and AGF calculation
suggests that without considering mode conversion among different polarizations, the
scalar continuum model cannot accurately describe the actual number of available

diffuse transmission and reflection pathways.

To study the diffuse transmittance at different frequencies, we define an average

diffuse transmittance for phonon modes with the same frequency by,
Z:L Tszﬁ(w)vz,n _ @d(w)

Tyo(w) = _
¢ (w) Z; 1 Uz,n @bulk,a(u})

(3.20)

where v, ,, is the group velocity normal to the interface. Opy o (w) is the transmission
function for bulk material o (we use two leads and device all consisting of « atoms in

AGF calculation). The average total transmittance including specular transmittance
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O(w)

and diffuse transmittance is defined by, T, (w) = The average diffuse and to-

Obulk,a (W)
tal reflectance are Rq,(w) = % and R,(w) = ﬁ%, respectively. Note that

the sum of transmittance and reflectance is one, yet the sum of diffuse transmittance
and diffuse reflectance is less than one, as not all phonons are diffusely scattered.
On the other hand, the sum of transmittance and reflectance given by DMM is al-
ways unity. Therefore, when we compare the diffuse transmittance/reflectance with
transmittance/reflectance by DMM, it is entirely possible their values do not match.
However, what we are more interested in answering is whether or not the phonon loses
its memory, i.e., whether the diffuse transmittance from one side equals the diffuse

reflectance from the other side[121].

In Fig. 3-3 (c), we find that the diffuse transmittance from Si is lower than the
diffuse reflectance from Ge for all frequencies. They both deviate from DMM given by
Eq. 3.4 at low frequencies. At high frequencies, the DMM’s prediction is close to the
reflectance from Ge. In Fig. 3-3 (d), the diffuse transmittance from Ge is lower than
reflectance from Si except for low frequencies. And they are both different from DMM.
The crossing point at 4.4 THz for transmittance and reflectance suggest that at this
frequency, the average transmittance from Ge side is the same with average diffuse
reflectance from Si side, although they individually have strong angle dependence.
The gap between diffuse transmittance from one side and diffuse reflectance from
the other side suggests that diffuse phonon scattering depends on the initial state
such that phonons actually do not lose their memory of origin. In Fig. 3-3 (g) and
(h), we see that the specular scattering probability is generally much higher than the
diffuse scattering probability at low frequencies, suggesting that at low frequencies,
the interface scattering is almost all specular. This trend is also consistent with

previous findings[108, 122].

An important factor that is relevant to the diffuse phonon scattering is the amount
of dissimilarity between two materials. According to Pohl and Swartz|8], DMM pre-
dicts that diffuse scattering increases thermal boundary resistance of the interface
between similar solids, suggesting that diffuse scattering plays a significant role when

the mass ratio between the two materials is close to one. In Fig. 3-4, we present the
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frequency-resolved transmittance and reflectance with different mass ratios mge/ms;
(we fix the mass mg; and vary the mass mg.). We find that when the two sides are
similar, the diffuse transmittance from one side is similar to the diffuse reflectance
from the other side. This partially aligns with the assumptions of DMM, although
the diffuse transmittance and diffuse reflectance still have strong anisotropy in direc-
tions (see Fig. 6 in the supplementary material in Ref. [76]). When the mass ratio
is large, the transmittance from one side is no longer similar to the reflectance from
the other side, indicating that the scattering probability strongly depends on where
the initial states are from. As for the total transmittance and reflectance, due to the
inclusion of the specular scattering probability, the difference between transmittance
from one side and reflectance from the other side is enlarged. It is interesting to
note that when two sides are similar, although DMM cannot correctly describe either
scattering probability, it is close to the average of the total transmittance from one
side and the total reflectance from the other side. When the two sides are dissimilar,
the DMM’s prediction becomes similar to the total transmittance in Ge side at low
frequencies and the total transmittance in Si side at high frequencies. This suggests
that for certain cases, DMM is able to roughly describe the total transmittance from

one side in a certain frequency range but not for all frequencies.

To study how much memory the phonon loses regarding its origin in a quantitative

manner, we define a similarity measure by,

(3.21)

T et -R w
Sﬁ(w):exp(_\ d.a(w) ~ Ras( )\)

Rap(w)

where T, (w) is the diffuse transmittance from one side and Rg(w) is the diffuse
reflectance from the other side, and the final states for these scattering processes are
on the 3 side. S — 1 means high similarity between the diffuse transmittance and
reflectance when the final state is on the [ side, i.e. phonon completely loses its
memory of origin. Sz - 0 means low similarity between the diffuse transmittance
from one side and diffuse reflectance from the other side, and phonon does not lose

its memory. A large mass ratio generally lead to a smaller similarity measure. We
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Figure 3-5: The similarity between the diffuse transmittance from one side and the
diffuse reflectance from the other side. The blue lines correspond to the cases when
the final states are on the Ge side and the orange lines correspond to the cases where
the final states are on the Si side. The diffuse transmittance and reflectance for
evaluating the similarity are from the data presented in Fig. 3-4 (a).

also find that the similarity measure depends which side the final state resides at. For
example, in Fig. 3-5 (b), we find that at w = 0.39wyay, when phonon is scattered into
Si side, it loses its memory. However, this is not true when phonon is scattered into
Ge side. In comparison, for DMM, the similarity is always one when the final states

are on either side of the interface.

Lastly, we want to discuss the diffuse phonon scattering’s role in interfacial trans-
port. In Fig. 3-6 (a), we plot the total transmission function as a function of frequency
with different numbers of mixing layers. And we find that the total transmission can
either be enhanced or reduced compared with the perfect Si/Ge interface as a result
of the competition between the specular transmission versus diffuse transmission.
From Fig. 3-6 (b) and (c), we find as the degree of disorder increases, the specular

transmission decreases while the diffuse transmission increases. In other words, the
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Figure 3-6: (a) The total transmission function, (b) the specular transmission function
and (c) the diffuse transmission function versus phonon frequency for [001] Si/Ge
interfaces from AGF. Inset: the ensemble-averaged mass profile as a function of atom
layer number at the interface region obtained by averaging the mass of atoms within
the same layer. The right axis is the Ge fraction in each atom layer. The distance
between adjacent atom layers is a/4 = 1.382 A. (d)-(f) The total, specular and diffuse
reflection function from the Si side. (g)-(i) The total, specular and diffuse reflection
function from the Ge side.

disorders remove specular channels while creating new diffuse channels. As a result,
we do not observe significant changes in the transmission function due to atomic mix-
ing. The opposite trends for specular and diffuse transmission versus the degree of
disorder eventually leads to the maximum thermal conductance for 4 ml structures.

It is interesting to note that similar enhancements for transmission enabled by disor-
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ders have been discovered in electron transport in heterostructures[55]. From Fig. 3-6
(d)-(i), we learn that the increasing amount of disorders always reduce the specular
reflection function and increases the diffuse reflection function. Thus, the disorders
can both increase the diffuse transmission (enhancing the interface conductance) and
the diffuse reflection (worsening the interface conductance). This competition is an-
other reason why we cannot observe significant enhancement of thermal conductance
by disorders. Our current analysis is based on elastic scattering, yet phonon an-
harmonicity can contribute to interfacial transport by enabling “vertical coupling”
between conduction channels of different frequencies. There are several works on
understanding the anharmonicity’s role in thermal interface conductance for abrupt
interfaces|123, 124, 125, 126], but how diffuse scattering and anharmonicity affect

heat conduction channels remains unclear.

3.4 Conclusion

Through AGF calculation, we have demonstrated that the diffuse phonon scattering
by a single disordered interface depends both on initial incoming states as well as
the final outgoing states. The transmittance and reflectance strongly depend on the
polar angle of group velocity. Also, the transmittance from one side and reflectance
from the other side are generally different. That is to say, phonons do not lose their
memory after diffuse scattering by a single interface. When two materials are similar,
the diffuse transmittance from one side and the diffuse reflectance from the other side
become similar to each other. However, the total transmittance from one side and
total reflectance from the other side are still different.

The number of specular transmission channels for interfacial transport is always
reduced by interfacial disorders while new transmission channels are created by dif-
fuse phonon scatterings. The competing roles of specular and diffuse transmission
can lead to either enhanced or reduced transmission function and interfacial thermal
conductance.

We also derived the expressions for transmittance and reflectance for diffuse scat-
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tering processes based on the continuum approximation, which works reasonably well
in the low-frequency range. The model leads to different analytical expressions for
diffuse transmittance from one side and diffuse reflectance from the other side. Our
model also shows that the diffuse transmission opens up new transmission channels

even for those states above the critical angle for total internal reflection.
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Chapter 4

Phonon Anderson localization 1n

aperiodic superlattices

4.1 Introduction

The ability to control phonon is of great importance in manipulating nanoscale
thermal transport[l] and delaying quantum decoherence in quantum information
science[21]. Phonons in certain disordered nanostructures with feature sizes simi-
lar to phonon wavelength experience Anderson localization|14|, where the phonons
stay spatially localized due to strong constructive wave interferences. Several theoret-
ical studies on phonon Anderson localization show that random mass disorders cause
the exponentially decaying transmittance with system length[127, 128, 129, 130, 131].

However, experimental observation of phonon Anderson localization is difficult
because of the broadband nature of phonons and strong phase-destroying inelastic
scattering. Additionally, for three-dimensional materials, the number of available
propagating paths can easily surpass the number of localized paths. Phonon Anderson
localization has only been experimentally observed in superlattices with random dots
below 50 K[19]. However, the required extremely low temperature greatly limits the
application of Anderson localization.

To experimentally observe phonon Anderson localization at higher temperatures,

we propose several strategies. We need atomic-scale interface roughness that scat-
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ters high-frequency phonon efficiently. The roughness cannot be too large, otherwise
the diffusive interface scattering will destroy the phases for remaining phonons. In
addition, we use alloy to further remove high-frequency phonons’ contribution to
transport. More importantly, we use aperiodicity as a type of disorder to induce
strong interference among scattered waves. The interfaces in aperiodic structure also

strongly scatter phonons with middle wavelengths.

We experimentally demonstrate that phonon Anderson localization exists up to
200 K in aperiodic Si/Sig2Gegg superlattices. Our simulation shows that high-
frequency phonons are strongly scattered by interface roughness and alloys, while
low-frequency phonons form constructive interferences and their transmittance expo-
nentially decay with system length. The thermal conductivity from simulation and op-
tical measurements both show a peak in its length dependence curve, a unique feature
attributed to Anderson localization. At higher temperatures, the phonon interferences
are destroyed by phonon-phonon scattering and thermal conductivity monotonically
increases with length, where phonon transport is in the classical ballistic-diffusive
regime. Our work validates the theoretical understanding of phonon wave-particle
duality as well as the universality of Anderson localization of waves. It also pro-
vides a simple yet practical strategy to dynamically convert propagating phonons to

localized phonons.

4.2 One-dimensional scalar phonon modeling

According to the scaling theory of localization by Abrahams et. al.[132], electron is
always localized in one-dimensional disordered systems at 7= 0 K. For phonon trans-
port within the coherence length [., such argument also applies. However, how the
localization length depends on different phonon modes and the degree of disorder re-
mains unknown. In the section, we conduct one-dimensional scalar phonon modeling

to answer these questions.
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Figure 4-1: The schematic for one-dimensional aperiodic structures in the transfer
matrix calculation.

4.2.1 Formalism

We simulate the transmission coefficients for scalar phonons through randomly ape-
riodic superlattices using transfer matrix method. The details of the transfer matrix
method can be found in Ref. [133]. We outline the methodology for the sake of
completeness in the following.

As shown in Fig. 4-1, the first and the last layer, Ay and Ay, are both semi-infinite
made of material A. For the rest of the layers, the layer thickness A;, B; € [L1, Ls]
are randomly chosen for each layer according to a uniform distribution function. We
denote the starting and the ending position for layer B; with x; and ] and thus
we have Ly < o] — x; < Ly. The index ¢ ranges from 1 to N -1 for material A and
from 1 to N for material B. The standard deviation for the layer thickness of two

media are 04,05 = L\Z/_l_gl. The average layer thickness for A and B are [ = % The

phonons within the layer Ay can be expressed in terms of plane waves, U 4, = a 4,47+

ba,e”*a7, where the wavevector magnitude is k4 = = (wWe consider normal incidence)

and c4 = \/jua/pa is the group velocity (14 is the bulk modulus). On the other end
of the structure, we have the plane-wave solution, W4, = a4, e*4% + by, e"*42 The
coefficients in front of plane waves for the N th layer and the 0 th layer are related
via,

AN My My aa,

= (4.1)
bay My Msy ) \ba,

where the two-by-two matrix is the transfer matrix and its matrix elements are related

.. . . r¥
to the transmission and reflection coefficients, My = 7, My = -2, My, = —e
NO NO

and My, = ﬁ The transmission and reflection probability are, Ty = [tno|? and
Ryo = |rnol*

Specifically, the transfer matrix is the product of the transfer matrix associated
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with each interface and Eq. 4.1 can be expressed by,

aa )
*| = b (¢, )Muh(au, )My th(ay-2)-Msh(ax)Mih(oa) | | (4:2)

AN Ao

where the matrices M; and h read,
e'“Bicosh?y — e7**Bisinh? 2isina g, coshysinh
M, - v 8 | B; ’Y Y (4.3)
—2isina g, coshrysinhy e~ "Bi cosh?y — e'*Bisinh?y
el 0
h(aa,) = | (4.4)
0 e Ay

with the phase ¢y = ikaz!y and ¢a, = itkaza,, the phase shift in each layer ap, =
kp(xl - x;), aa, = ka(xi —x}), sinhy = %(\/2— ﬁ) and the acoustic impedance
Z = 258 We further denote the average phase shifts ax = (ax,) with X = A, B and

PACA

the corresponding standard deviation ox = ({a%,) - (ax,)?)'/2.

Conventionally, the localization constant is defined by the logarithm of the trans-

mission amplitude divided by the number of layers[134],

1
A = ([t xol) (4.5)

where N is the number of B layers. The inverse of the localization constant describes
after how many layers phonons are almost fully localized. We can also compute the

localization length by multiplying the average layer thickness,

N(la+lg) 1 (4.6)

S T (Twe) A

The localization constant can be analytically computed. The analytical expression
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for the localization constant writes|[133],

1 sin2y

5 1-az (sm ap0p +Sin“apoy ), w<w,

(4.7)
2In (coshy) , w > w,

where a, = cosa4cosap — sina AsinaB(coshny + sinh2'y) and the critical frequency w,
is the crossing point of the two expressions. It is easy to show that with increasing
impedance Z, the localization constant is rapidly increasing (localized in a shorter
length scale).

The above expressions are applicable to normal incidence. For oblique incidence

from Ay, one can simply change the acoustic impedance Z with

pBCer/1— %sinw
Z(0) = 4 (4.8)
pacaV1-— sin’6

where 6 is the incident angle.

The transmission function can be computed by,
1
O(w) =mADs(w)ca f sinfT yo(w, sinf)dsind (4.9)
0

where A is the transverse cross-sectional area, D(w) = % is the phonon density
A

of states and Tyo(w,sinf) = e-2NAGIn9) jg the transmission probability. The thermal

conductance G can be computed using Landauer-Biittiker formalism mentioned in

Chapter 1 and the thermal conductivity is given by x = GL.

4.2.2 Results and discussions

From the analytical expression in Eq. 4.7, we learn that the localization length is
highly sensitive to the impedance Z. We list the localization lengths in the strong-
disorder regime (w > w,) for common superlattices in Table 4.1. The impedance
for Si/Ge and Si/Sip2Gegg are slightly larger than that of AlAs/GaAs. However,

their inverse localization constants are over one order of magnitude smaller than that
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Table 4.1: The Anderson localization length at normal incidence

Materials ~ pa(kg/m?®) ca(m/s) pp(kg/m?) cp(m/fs) Z(°) [Mw>we)]™"

Si/Ge 2333 8433 5323 5400 1.4610 28.00
Si/Sip2Geg s 2333 8433 4725 5732 1.3765 39.34
AlAs/GaAs 3720 6400 5320 4730 1.0569 1305

of AlAs/GaAs. If the inverse localization constant (or localization length) is too
large, it can be even longer than the inelastic mean free path such that the phase-
destroying phonon-phonon interaction makes localization disappear. Thus, the expo-
nential decay of thermal conductance due to phonon Anderson localization in Si/Ge
or Si/Sig2Geyg g is potentially much easier to observe experimentally with shorter sam-
ples.

In Fig. 4-2 (a), we find the localization length decreases with increasing frequency
at low frequencies and phonons at low frequencies are in the weak-localization regime
(w < w.). In particular, the localization length diverges with w=2 when w — 0. At
higher frequencies, the phase shift at each layer is greater and the interferences among
scattering paths are enhanced. The strong interferences lead to the strong localization
regime, where the localization length & becomes independent of the frequency. The
numerical results agree nicely with the analytical expression thus we use the analytical
expression for localization length in the following calculation.

We observe that the angle of incidence has a strong impact on the localization
length, shown in Fig. 4-2 (b). This is because the impedance Z(#) increases with inci-
dent angle 6 thus it becomes easier to localize phonons within a shorter distance with
high incident angles. At the same incident angle, the higher frequency corresponds
to stronger phase shifts and interferences, thus a smaller localization length. More-
over, changing incident angle can also trigger the transition from weak localization
to strong localization because the effective impedance changes drastically.

We present the thermal conductivity versus length with different degree of disorder
at 300 K in Fig. 4-2 (¢). We can identify similar trends with slightly changed the
maximum layer thickness Lo. In the strongly localized regime, the localization length

is independent of frequencies and the configurations, thus the conductance is almost
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Figure 4-2: (a) The localization length in the weak-disorder and strong-disorder
regime. The dots are from numerical transfer matrix calculation and the solid line

is from the analytical expression. (b) The localization length versus the incident an-
gle. (¢) The length-dependent thermal conductivity with different maximum layer
thickness Lo at 300 K. (d) The length-dependent thermal conductivity at different
temperatures. In all calculations, L; = a, where a is the lattice constant of Si. In
(a), (b) and (d), Ly = 8 a. A degeneracy factor of 3 for phonon density of states is
multiplied when evaluating the thermal conductivity.
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independent of the degree of disorder. As a result, the thermal conductivity is higher
with a larger average layer thickness.

In Fig. 4-2 (d), we show the thermal conductivity versus length at different temper-
atures. At high temperatures, high-frequency phonons are excited, and those phonons
are in strong localization regime thus the significant decay of thermal conductivity can
be observed. At low temperatures, those low-frequency phonons that are only weakly
localized contribute the most to transport, thus the thermal conductivity decay is
slower than high temperatures.

The scalar phonon model is essentially a toy model that enables us to conduct an
order of magnitude analysis and understand the angular and frequency dependence of
localization lengths. However, such model has several limitations. First, it cannot de-
scribe phonon polarization, which means that the scattering between different phonon
branches are neglected. Second, only acoustic phonons are included and the optical
phonons are neglected, which can overestimate the thermal conductivity since the
acoustic phonons usually have higher group velocities than optical phonons. Last but
not least, the interface roughness, which is commonly seen in practical heterostruc-
tures, is neglected. The interface roughness changes phonon transport through layered
structure from 1D to 3D, where phonons are more difficult to be localized accord-
ing to the scaling theory[132, 34]. We are interested in predicting the emergence of

Anderson localization quantitatively thus a more rigorous method is needed.

4.3 Atomistic Green’s function simulation

We use the atomistic Green’s function introduced in Chapter 3 to study the thermal
conductivity in aperiodic superlattices, which includes specific atomic structures, full
phonon dispersion relations and interface roughness. We choose Si and Ge atoms
to construct the superlattice due to their large mass contrast (large impedance).
However, Si and Ge have a large lattice mismatch hence making the Si/Ge superlattice
difficult to realize in experiment. Therefore, we choose the Si/Si,Ge;_, rather than

Si/Ge, which greatly reduces the induced strain. The alloys structure of Si,Ge;_,
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can significantly scatter high-frequency phonons and reduce their contribution to
transport, as those phonons usually have small inelastic mean free paths and are

difficult to localize.

We randomly choose the layer thickness for Si and Sip.Gegg within the range,
L € [Luin, Lmax], where the minimal layer thickness Ly, = a and a is Si’s lattice
constant!. In Fig. 4-3, we compare the thermal conductivity as a function of the total
length with different maximal layer thickness L... In the Sig,Gegg alloy layer, the
Si and Ge atoms are randomly distributed according to the atomic fraction. The solid

line are the fitted curves to the expression proposed by Wang et. al.[135],

k(L) =Gy AA+LLeXp (—%) (4.10)

where G is a characteristic thermal conductance, A can be interpreted as the phonon
mean free path and ¢ is the decaying length of the thermal conductance (half the
phonon localization length &). We find that although the thermal conductivity fluc-
tuates among specific disordered configurations, the length dependence of thermal
conductivity follows the same trend indicated by the above expression. At short
length scale, the phonon travels coherently with very weak back scattering due to the
limited number of interfaces. When the number of interfaces increases, the multiple
possible scattering paths are inferencing with each other. In the disordered layered
medium with increasing layer number, although the number of theoretically available
paths increases, the number of paths that allows the phonon to travel through all lay-
ers is much smaller than those paths that let phonon come back. Whenever we have
a path that allows phonon travel relatively far from its origin, there is always a time-
reversal path available for phonon to come back. Such pair of time-reversal paths form
constructive paths, and boost reflection probability while reducing transmission prob-
ability. This makes the transmission probability exponentially decay with increasing
number of interfaces. Thus, the thermal conductivity starts to decrease according to

the scaling Le L/¢ at the large length L. Since the transport transits from ballistic

"'We have assumed the Siy2Geg g has the same lattice constant of Si.
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Figure 4-3: Thermal conductivity of Si/Sig2Geg g aperiodic superlattices with different

Lpax. The dots correspond to random configurations for a given L,,.,. The solid lines

are the fitted curve using the expression x = b‘ﬁr—LLe*L/c.

transport to the localized transport, there is a peak in thermal conductivity versus

length curve.

The phonon-phonon interaction is a phase-destroying process which can let the
interference disappear. The inelastic mean free path, which describes the average
traveling distance before being scattered by other phonons, is a measure of the in-
elastic scattering strength. A larger inelastic mean free path suggests weaker inelastic
scatterings. We compare the ab initio phonon-phonon scattering mean free path with
the mode-resolved localization length £ = —2L/In|T;(L)|, where T;(L) is the transmis-
sion probability for phonon state i through the sample of length L at 200 K2. From
Fig. 4-4, we find that the localization length generally decreases with increasing fre-
quency. The localization length is generally smaller than the inelastic mean free path
except near 4 THz and 6 THz, suggesting the localization is weakly affected by the
inelastic scattering. The inelastic mean free path scales with temperature Ay, o< 1/T

while the localization is temperature-independent. Thus, with increasing tempera-

2The inelastic mean free path data is provided by Qian Xu and the detail for the computation
can be found in Ref.[136].
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Figure 4-4: The mode-resolved localization length compared with the inelastic mean
free path due to phonon-phonon scattering with L.« = 8a at 200 K.

tures, the inelastic effect becomes predominant and localization will be eventually
destroyed by those inelastic scattering processes.

In Fig. 4-5, we specifically study a specific disordered configuration with L., = 8a.
We find that the interface roughness has a minor effect in thermal conductivity. We
also separate the contributions of specular transmission and diffuse transmission to
the conductance. Accordingly, the specular and diffuse thermal conductivity is ob-
tained by product of the length and the corresponding conductance. We find that the
diffuse thermal conductivity decreases faster than the specular thermal conductivity.
With a longer length, the thermal conductivity is mainly due to specular phonons.
That is to say, the incident and outgoing phonons has to have the same transverse
momentum, although the alloy structures inside the sample never has the correspond-
ing transverse symmetry. This is because the high-frequency phonons are also diffuse,
and their localization lengths are generally smaller. After several layers, those high-
frequency phonons are fully localized. The remaining low-frequency phonons are all
specularly transmitted phonons. In periodic superlattice, the interface roughness
strongly scatters high-frequency phonons but cannot localize phonons. Thus, even-

tually, some phonons (especially low-frequency phonons) can transmit through the
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Figure 4-5: The specular and diffuse thermal conductivity versus length with L. =
8a with and without interface roughness. We use a 2x2 transverse cell with 2 ml
structure for rough interfaces.

periodic superlattices, and they can be either specular or diffuse. However, using
aperiodic system above certain thickness can guarantee that outgoing phonons have
the same transverse momentum as incident phonons. In a way, we create more order

in transport using more disorders.

The peaks in the length dependence curve of thermal conductivity from various
calculations give us confidence that it might be possible to observe the Anderson
localization in such aperiodic system experimentally. In particular, the calculation
indicates that the decay of thermal conductivity happens at very small L, which
means that we can potentially observe the peak of thermal conductivity with several

short samples that are easy to grow.
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Figure 4-6: The STEM image for aperiodic samples grown on Si substrate using
molecular-beam epitaxy.

4.4 Experimental validation

4.4.1 The sample preparation

We provide the atomic structures used in the atomistic Green’s function calculation
for Fig. 4-5 to Rui Pan and Professor Hong Lu, and they use molecular-beam epi-
taxy to grow four aperiodic superlattice samples with different number of layers on
Si substrates. From the scanning transmission electron microscope image shown in
Fig. 4-6, we found that the aperiodicity is clearly visible and the interface is not
atomically flat. However, from our calculation, we learn that a modest amount of
interface roughness do not destroy Anderson localization. We proceed to measure the

thermal conductivity of thin films using optical characterization methods.

4.4.2 Frequency-domain thermoreflectance

We choose the frequency-domain thermoreflectance method to measure the length
dependence of thermal conductivity. The Si and Ge have relatively large penetration
depths (larger than sample thickness) for light absorption, which induces complicated
electron-phonon interactions and carrier generations and combinations, and makes the
heat transfer analysis complicated. We thus sputter a gold thin film of 96 nm on top
of the aperiodic film to absorb the laser power to heat up the sample. The frequency-

domain thermoreflectance setup situated at NanoEngineering lab is built by Aaron
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Figure 4-7: Representative frequency-domain thermoreflectance signals with different
radii for the sample with 22.5 nm total thickness at T' = 260 K.

Schmidt. It has a 405 nm pump with modulation frequency ranging from 5 KHz to
50 MHz. A 532 nm probe is used to probe the reflectance change due to temperature
change. In experiment, we use pump power of 20 mW and a probe power of 5 mW.
More details of the instrument can be found in Ref. [137].

In Fig. 4-7, we show the FDTR signals for the same sample with different pump
beam radii. The phase lag describes the phase angle of the complex temperature
responses on the metal surface. We fit the data with the same thermal transport
properties and with different radii. The initial guess for beam radii can be known
from the beam offset measurement.

In Fig. 4-8 (a), we have shown the length dependence of thermal conductivity
from FDTR measurements at temperatures less or equal to 200 K. The curves are the
fitting results using Eq. 4.10. The peaks in thermal conductivity versus length curves
are a strong evidence of Anderson localization. At 200 K, the thermal conductivity
is almost not changing with system length. In Fig. 4-8 (b), we show the thermal
conductivity at higher temperatures. The thermal conductivity all increases with
length, which is a feature of incoherent classical size effect.

If we plot the thermal conductivity for different samples versus temperature, we
find that the thermal conductivity of the longest sample has very low thermal conduc-
tivity compared with shorter samples below 200 K. However, its thermal conductivity

suddenly increases to become the highest among all samples above 200 K. The curve
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Figure 4-9: The thermal conductivity of different aperiodic samples versus tempera-
ture.

of k versus T has crossings with other samples. The crossings suggest the transition
from localized transport at low temperature and ballistic-diffusive transport at high

temperatures. Thus, we conclude that the Anderson localization exists up to 200 K.

4.5 Conclusion

We have studied the phonon Anderson localization in aperiodic superlattices with
scalar phonon modeling, atomistic Green’s function simulation and frequency-domain

thermoreflectance method. We learn that a larger acoustic impedance of the two con-
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structive materials can lead to a smaller localization length. In Si/Sip2Geg g aperiodic
superlattices, the alloying scattering effectively scatter high-frequency phonons and
make the low-frequency phonons dominate the transport. The simulations and ex-
periments both show the peak in thermal conductivity, which is a strong evidence
of Anderson localization. We also experimentally find the localization-delocalization
temperature is around 200 K. Our work provides insights in using aperiodicity to
manipulate phonons in practical applications such as thermoelectrics and quantum

computing.
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Chapter 5

Transient thermal grating

measurement for thin films

5.1 Introduction

Pump-probe spectroscopy is a robust and versatile technique to characterize the ther-
mal transport properties of bulk materials, thin films as well as the interfaces. The
essential idea is to use the pump beam to heat up the sample, which causes temper-
ature changes, and to use the probe beam to detect the surface reflectance change
due to the temperature change (% oc AT). Since the temperature change dynamics
is determined by the thermal transport properties, we can extract the values of the
transport properties via proper fitting based on thermal modeling.

Time-domain thermoreflectance (TDTR), frequency-domain thermore-flectance
(FDTR) and transient thermal grating (TTG) are three prevalent optical canalization
techniques for thermal transport measurements. The TDTR technique uses an ultra-
fast laser pulse as pump and another delayed pulse as probe[138, 139, 140|. The FDTR
technique uses a frequency-modulated continuous-wave (CW) pump and a CW probe
to probe temperature responses in the frequency domain. In these two techniques,
the beam profiles are all Gaussian in the in-plane directions, so is the spatial heating
profile. Moreover, after the pump pulses, electron excitation, electron-phonon cou-

pling and phonon thermal conduction happen in different yet overlapped time ranges
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of the whole equilibrium process, which brings challenges to distinguish the part of
the signal that are actually due to thermal conduction. To ensure the signal is solely
determined by thermal transport, people often coat a metallic transducer layer on top
of the sample when conducting TDTR and FDTR measurements, since the electronic

responses are very fast compared with the lattice responses.

The TTG, on the other hand, uses an entirely different heating geometry|141,
142, 143, 144]. It sends two pulsed pump beams that interfere and form a sinusoidal
heating grating on sample surface, and sends the probe to the same grating with a time
delay (or a CW probe with constant power). The surface temperature perturbation
has a sinusoidal profile with periodic temperature peaks and valleys, which diffracts
the probe beam with spatially-varying diffraction efficiency. As the heat dissipates
horizontally, the temperature difference between the temperature peak and valley
decreases and the decay of temperature difference encodes the thermal transport
properties. Compared with TDTR and FDTR, the simple changes in the heating
geometry in TTG completely change the heat transfer dynamics, making the TTG
are more sensitive to in-plane thermal transport. In addition, the grating period
for the heating profile is tunable via changing the phase mask. That is to say, the
distance between the periodic “heat source” (the temperature peak) and the “heat
sink” (the temperature valley) is tunable. This effectively determines how long it
takes to reach thermal equilibrium. When the grating period length is longer, the
heat dissipation takes longer time. By properly choosing the grating period length, it
is possible to separate the non-thermal responses (electron diffusion, electron-phonon
coupling, and carrier recombination) and thermal responses (phonon transport), thus
it allows measuring the thermal conductivity in certain materials without the need

for the metallic transducer.

For instance, the in-plane thermal conductivity of graphite[145] and Si membrane[144]
have been directly measured with TTG in the transmission geometry without the
metallic transducer layer, where the pump and probe beam transmit through the
whole sample and the heat dissipation can be regarded as an ideal two-dimensional

thermal transport process. However, a lot of thin film samples, whose in-plane ther-
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Figure 5-1: Representative temperature distribution snapshots in TTG experiments
in a semi-infinite bulk sample. The color refers to the temperature change with respect
to the background temperature. The z direction is pointing from the material surface
to the inner region of the material. Initially, the temperature change at the surface
is a sinusoidal function. As time evolves, the contrast of the temperature peaks and
temperature valleys is weakened due to the heat transport both along the in-plane
direction and the cross-plane direction (z direction).

mal conductivity is of interest, have thickness of ~ 100 nm and are grown on substrate.
In this case, it is impossible to conduct TTG measurements in transmission geometry.
Meanwhile, using TDTR or FDTR with transducer often has a limited sensitivity of
in-plane thermal conductivity. Nevertheless, one can use the TTG with reflection
geometry as illustrated in Fig. 5-1. Yet, there are rarely reports and analysis on using
TTG with reflection geometry to measure thermal conductivity of thin films grown
on substrate[141]. In this Chapter, we present the methodology of utilizing the TTG
to measure thermal conductivity of thin films with single-layer or multiple-layer ge-
ometry. Such method allows the measurement for layered samples with any number
of layers without the transducer, which serves as an alternative for TDTR and FDTR

methods.
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Figure 5-2: The optical configuration for heterodyne detection of transient thermal
grating. Reprinted from Ref. [147].

5.2 Methodology

5.2.1 Phase-controlled, heterodyne TTG

The TTG setup is at NanoEngineering lab at MIT, and it was built by Bai Song and
Ke Chen with the support of Professor Keith Nelson’s group and modified by Jungwoo
Shin and me. We adopt the phase-controlled, heterodyne TTG configuration, where
the signal generally contains the contributions of temperature rises as well as the
surface dis-placements|142, 143]. As shown in Fig. 5-2, in the reflection setup, a
pump beam is first split into two beams by the phase mask. We block high-order
diffraction beams and only keep the two first-order diffracted beams. The two beams
are focused on sample surface after two lenses and form constructive interferences,
serving as the transient grating. Similarly, another two beams split by the phase
mask, called the probe beam and the reference beam, are focused on sample surface.
The probe beam is diffracted by the thermal grating caused by pump and encodes
information of the temperature rise. Usually, the intensity of the diffracted beam is
weak, because the diffraction efficiency is proportional to the square of the material
excitation amplitude I? (I « 1)[146].

To amplify the diffracted probe signal, we use the reference beam reflected by the

thermal grating, which is collinear with the diffracted probe beam, to form coherence
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between the diffracted probe and the reflected reference beam. The resulting output

signal Ig writes|142],
[S:[R+ID+2\/IR[DCOS9 (51)

where Ir and Ip are the reflected reference beam’s intensity and diffracted probe
beam’s intensity, and 6 is the phase difference between their associated electromag-
netic fields. Generally, the reflected reference beam has a much higher intensity than
the diffracted beam, Ir > Ip. Thus, the second term in Eq. 5.1 is negligible. The
first term is almost a constant. The third term is amplified compared with Ip by a
factor of % > 1. We denote the third term the heterodyne signal Ij;. By intro-
ducing a phase shift in the probe beam to tune #, we can measure two different sets of
output intensities Ig. After subtracting the two intensities, we remove the constant

part and only the third term remains. We effectively obtain the signal that is solely
proportional to Iy o< \/Irlp.

Next, we examine how to extract the temperature responses from the heterodyne

signal. Johnson et. al. show that the heterodyne diffraction signal satisfies|[143],
et o< |ro|* {r'(t)cosd — [r"(t) — 2k,u(t)cosf3,] sind} (5.2)

where k, and S, are the wavevector and incident angle for the probe beam, r(t) =
ro[1+7'(t) +ir"(t)] is the dynamic complex reflection coefficient, rq is the intrinsic
reflection coefficient without transient grating and w(t) is the surface displacement.
When the phase 6 is tuned to be 0 or +7, the corresponding signal is only related to
r'(t). For a lot of materials, we have r/(t) o< AT'(t), where AT'(¢) is the temperature
difference between the peaks and valleys of the sinusoidal temperature profile and
we call the such grating the amplitude grating. In the actual measurement, we will
measure two heterodyne signals at # = 0 and 6 = 7 and subtract the two signals. The
resulting signal satisfies, Alyetampiitude < AT(¢). If the phase difference 6 is tuned
to be m/2 and -7/2, the signal is related to u(t) and r”(t). If we subtract these
two signals, the obtained signal satisfies Alnet phase < AAT + u(t), where A is an

unknown constant. In this case, it is not a trivial task to separate the temperature
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responses from the displacement responses. For certain materials (e.g. graphite),
the temperature effect on r”(t) is small such that A — 0, and the signal is thus
dominated by the surface displacement u(t). Conventionally, we call the grating with
0 = +m/2 the phase grating. The signal from amplitude grating and phase grating have
distinctive features. The surface displacement is often rapidly oscillating with time,
whereas the signal for amplitude grating is smoothly decaying with time. Since the
amplitude grating is directly related to temperature, in the following, we are focused

on the TTG with amplitude grating.

5.2.2 The heat transfer model for layered medium

We have established the understanding of the necessity of heterodyne detection and
the dependence of heterodyne diffraction signal on the temperature difference AT'(¢)
between the temperature peaks and the valleys. In this section, we model the surface
temperature AT(t) under the spatially periodic heating. To start with, we need to

consider the optical absorption of the pump beam in the depth direction.

The electrons within the optical absorption depth are instantaneously heating up
and the temperature of the lattice rises later due to electron-phonon interaction. We

express the heat source term as,
) 1 . )
P(t,x) = Py(t)e't e ™% = P f Po(w)e' e et dw (5.3)
s

where £ is inverse penetration depth and Fy » ﬁ with L the thickness of top

layer, A the beam cross-sectional area, g = 27” is the wavevector for the grating, A is
the grating period length and J is the pump laser power in Watt. The heat equation

writes,
oT

V- (RVT) + P(t2) = pC 5

(5.4)

where T' is the temperature rise with respect to the background temperature. The

temperature rise will follow the expression, T = T (w, g, z) i@t Plugging the
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temperature rise expression into Eq. 5.4, we obtain the expression for T,

T(w) = Ty(w) + %6_52, (5.5)

and the heat flux in cross-plane direction is,

SPO(M) 6—52

Q(w) = Qo(w) + F_g )

(5.6)

Here, Ty(w) = AeP* + BeP is the solution to Eq. 5.4 when there is no volumetric

heating (P(w) =0), 8 = \/(¢%k, +ipCw) [k, and k, and k, are the in-plane and cross-

plane thermal conductivity. The boundary condition for surface (z = 0) is adiabatic

as convection and radiation are negligible, thus ,(8A - 5B) = —565052’2). The surface

temperature is Ty(w) = A+ B + %. The bottom temperature and heat flux of

the first layer writes,

Po(w)
K. (8% - &?)
. [sinh(ﬁL) _ cosh(BL) . 6‘5L:| EP(w)

K23 k2§ k€ | B2 - &

T = AP 4 BePl 4 e L = cosh(BL) Ty (w)

(5.7)

Q1 = k.BAe Pt — k. BBePr + %];0——(022)6‘&
= —k,Bsinh(BL) Tit(w) (5.8)
{P(w)

+ [gsinh(ﬁL) — cosh(BL) + 6_@] B2 -2

In matrix form, the above equations can be expressed by,

~ sinh cosh e sL T
L) [ cosh(BD) B b= | (5.9)
O —K,Bsinh(5L) —?Sinh(ﬁL) +cosh(BL) - e~¢L %

For the remaining layers, the expression for the transfer matrix can be found in
Sec. C.1.3 as long as we assume the volumetric heating is only happening within the
top layer. When the top layer is made of metal which usually has a small penetration

depth, this is a good assumption. The temperature and heat flux at the external
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surface of the last layer satisfy,

Tn _ a b Tsf (5 10)

a.) \c af\29

For adiabatic boundary condition at the external surface of the last layer (negligible

convection and radiation), the surface temperature of the top layer can be expressed

by,
~  d&p
T = e _(22 (5.11)

Alternatively, for zero temperature (relative to background temperature) boundary

condition at the bottom layer, the surface temperature rise can be expressed by,

~ bep
Ty = _552 _((;Z

(5.12)

Ti(w) is equal to the Fourier transform of temperature difference between tempera-
ture peak and valleys AT'(w). The above-mentioned two boundary conditions gener-

ally give the same results for surface temperature.

High-frequency limit At extremely high frequencies, the signal should converge to
the heat conduction in semi-infinite slab. After adopting the adiabatic boundary

condition for the bottom surface, the top surface temperature reads,

~ | _tanh(BL) . 1 exp(=€L) [P (w)

Tor(w — 00) = P k.6 k.Esinh(BL) | €2 - (5.13)
Pw) - -2, |
/{252 - pr

Thus, the phase will goes to —%. On the other hand, we have assumed that for the
initial heating profile is instantaneous. In fact, it takes time to build such heating
profile and the characteristic time for electron-phonon interaction can be up to 100
ps. In this case, one can assume P(t) with a finite width and plug the corresponding

Fourier transform P(w) into Eq. 5.11 or Eq. 5.12.
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Semi-infinite limit For single-layer medium, the surface temperature is,

—gsinh(ﬁL) +cosh(BL) - e~¢F EP(w)

T (w) = . 5.14
() sinh(BL)rk.5 e-p| (5.14)
When ¢ is large (close-to-zero penetration depth),
~ 1 P(w) ,
Ty(w) » ———= = Ce". 5.15
O (5.15)

pCw
¢’k

where 0 = —atan( ) /2. Essentially, the phase angle § changes from 0 to —7/4 as w

changes from 0 to oo.

5.3 Results and discussions

We conduct the TTG in the reflection geometry for two types of thin film samples and
apply the heat transfer model to extract the thermal conductivity of the thin film.
Specifically, we study the thermal conductivity in correlated oxide thin film V,Os3,
which experiences insulator-metal transition at low temperatures and in GaAs/AlAs

digital-alloy superlattices with ErAs quantum dots randomly inserted near interfaces.

5.3.1 Thermal conductivity in correlated oxide thin films

Metal-insulator transition has been observed in correlated oxide thin films such as
VO, and V,03. Such transition can be triggered by temperature changes or external
voltage changes in company with structural deformation. The metal-insulator tran-
sition has been used in neuromorphic computing and resistive memories|[148, 149|.
The V503 sample is provided by Dr. Yoav Kalcheim from Professor Ivan K.
Schuller’s research group at University of California San Diego. The thin films are
grown on sapphire substrates with different crystal orientations with thickness of 126
nm, one cut at the r plane and one cut at the a plane, denoted r-cut and a-rut,
respectively. The electrical conductivity has been measured by Dr. Yoav Kalcheim,

as shown in Fig. 5-3. The two samples both experience insulator-metal transition at
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Figure 5-3: The electrical conductance for thin films with different crystal orienta-
tions.

low temperatures. The hysteresis feature suggests that the transition has a memory
of the past physical states, which is the key for neuromorphic computing[150]. The
crystal orientation has a large impact on the transition temperature. The transition
temperature of the r-cut sample is around 150 K while the transition temperature for
the a-cut sample is around 130 K. Such tunability in the transition temperature create
new opportunities in memristive device. Since the electron transport shows strong
dependence on crystal orientation, we are eager to answer the following question:
How does the crystal orientation of thin films impact the thermal transport?

We used pulsed pump with duration time of 180 fs of 515 nm and a continuous-
wave (CW) probe beam of 532 nm. The pump fluence is 1.29 mJ/cm? (estimated
corresponding temperature rise on the order of ~ 10 K) and the probe power is
3.6 mW. The inverse penetration depth is computed from the reports on dielectric
constants|151]. The heat capacity of oxide film, the thermal conductivity and heat
capacity of substrate sapphire are all taken from literatures.

In Fig. 5-4, we present the normalized TTG signal with amplitude grating at
room temperature and find a weak grating period length dependence. We do not
find any grating dependence of the thermal conductivity. Moreover, the thermal

conductivity shows a very weak dependence on the crystal orientation, suggesting
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Figure 5-4: TTG signal for VoO3 grown on (a) r-cut sapphire and (b) a-cut sapphire
and (c) the corresponding fitted thermal conductivity.

that the electronic contribution is small, and the phonon heat conduction does not

have strong orientation dependence.

We further vary the temperature and find that near the phase transition tempera-
ture, the signal shows strong non-thermal feature. This is because the thermal grating
causes the phase transition in the hotter regions first. The boundaries between metal
and insulator phases propagate horizontally, which is a much slower process compared
with heat conduction. The phase transition changed the band structures as well as
the optical reflectivity, thus contributing to the time-dependent signals. However, it
is not a trivial task to extract the thermal conductivity, as the heat from the pump
are dissipated via two types of processes, the latent heat for phase transition and
the lateral heat conduction. Outside the phase transition window, the non-thermal

feature in TTG signal disappears.

In Fig. 5-6, we show the thermal conductivity as a function of temperature for the
two samples. We drop those TTG datasets that show strong non-thermal features due
to insulator-metal transition. The thermal conductivity of two samples are similar,
thus we conclude that the thermal conductivity in VoO3 does not have a noticeable

orientation dependence above the phase transition temperature.
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5.3.2 Thermal conductivity in digital-alloy superlattices

The GaAs/AlAs superlattice has been used in vertical cavity laser and digital-alloy has
been often used to tune the electrical resistance of the superlattice. ErAs nanodots can
be added at interfaces in superlattice to reduce the thermal conductivity and make
GaAs/AlAs superlattice a potential candidate for high-performance thermoelectric
materials. We are interested in finding out how the alloying and random dots affect
the thermal conduction. The GaAs/AlAs digital-alloy superlattices are provided by
Kedong Zhang and Professor Hong Lu. The period for the GaggAly1As/Gag1AlggAs
superlattice is 3x|GaAs (0.9 nm) AlAs (0.1 nm)| 3x|GaAs (0.1 nm) AlAs(0.9 nm)|
and each layer in such structure is known as digital alloy. The digital alloy can
strongly scatter high-frequency phonons via alloy scattering. ErAs random dots are
introduced to further scatter middle to low frequency phonons. In this case, we want

to understand how these strategies impact the thermal conductivity.

We find that directly measuring the superlattice sample without coating a metal
transducer is difficult because the GaAs/AlAs superlattice without dots shows strong
electronic (non-thermal) responses that cannot be explained by thermal modeling.
Thus, we coat a layer of Au with thickness of 95 nm. The interface conductance
between the superlattice and the GaAs substrates is taken to be Gy = 109 W/m?2-K.
The penetration depth for gold transducer layer is taken as 10 nm. The thickness
for undoped superlattice and superlattices doped with 4 ml (monolayers) and 8 ml of

ErAs are 1120 nm, 1144 nm and 1176 nm, respectively.

In the transient thermal grating measurements, we use grating period of 5.59 pym
and 9.9 ym and plot the average of the fitted thermal conductivity. We find that
the sensitivity to the interface conductance between the metal transducer and the
superlattice film is low, thus we use the FDTR, which has a higher sensitivity for
interface conductance in this case, to measure the interface conductance first (shown
in Fig. 5-7) and then we plug the conductance in the TTG model to fit for the thermal

conductivity.

In Fig. 5-8, we find the fitted thermal conductivity from TTG signal agrees nicely
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Figure 5-7: Interfacial thermal conductance from FDTR.

with the FDTR results. In addition, the thermal conductivity of GaAs/AlAs super-
lattice with 10 % quantum dots added is much lower than the superlattice without
dots. Meanwhile, adding even more quantum dots does not significantly reduce the
thermal conductivity, indicating that the dots cannot induce more phonon scatterings

above certain defect concentration.

5.4 Conclusion

In this Chapter, we have presented a way to measure the transport properties of
thin-film samples grown on substrates with TTG in the reflection geometry. This
method can be used to measure the heat capacity, thermal conductivity and interface
resistances in layered medium. We conduct measurements on correlated VO3 thin
films and find that orientation has a weak effect on thermal conductivity and the heat
conduction is dominated by phonons. We also measure the GaAs/AlAs digital-alloy
superlattice with random quantum dots at interfaces and find that the dots induce
very strong phonon scattering and drastically reduce the thermal conductivity, yet

when the dot concentration is very high, such reduction in thermal conductivity
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saturates.
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Chapter 6

Summary and outlook

6.1 Summary

Understanding the phonon and electron transport across interfaces and through disor-
dered structures is crucial to the design of next-generation electronics. The analysis
of the interface scattering for electron and phonon from the wave perspective pro-
vides new strategies of using interface disorders to enhance the interfacial transport.
Furthermore, we experimentally demonstrate that the phonon Anderson localization
exists in aperiodic layered medium, which suggests that the phonon wave interferences
in disordered structures can be harnessed to control the phonon flow. This thesis pro-
vides several new practical strategies to engineer electron and phonon transport using
disorders.

In Chapter 2, we present the mode-resolved Green’s function formalism to study
the electron transmission across interfaces. We find two important factors that con-
tribute to the transmission: the symmetry and the interface roughness. We find that
the energy and momentum conservation are not the sufficient condition for electron
transmission; the symmetries of the Bloch wavefunctions have to be compatible. The
interface roughness can scatter electrons with small wavelengths and create more
preferable transmission channels than unwanted reflection channels, resulting in a
drastic reduction in contact resistance.

In Chapter 3, we apply the electron Green’s function formalism to study phonon
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transport across rough interfaces, which has been conventionally studied using the
diffuse mismatch model. The diffuse mismatch model assumes that phonon loses its
memory of origin after diffuse phonon scattering by interfaces. We clarify that such
assumption is invalid. Instead, the phonon partially remains its memory of origin.

In Chapter 4, we study the phonon Anderson localization in aperiodic system and
answer three important questions. First, we show how the localization length de-
pends on disorders and material properties. Second, we use theoretical calculation to
design aperiodic superlattice structures that supports Anderson localization. Third,
we experimentally verify our predictions using optical measurements and find that
the phonon Anderson localization exists in aperiodic superlattices up to 200 K.

In Chapter 5, we present a new method based on transient thermal grating to
study the in-plane transport of nanoscale thin films grown on substrate without the

need to coat the metal transducer layer.

6.2 Outlook

In this section, we first give high-level outlooks on important questions that are yet
to solve and then provide several detailed viable research directions. Firstly, the in-
terfacial transport for electron and phonon in this thesis assumes elastic scattering.
It remains unclear how inelastic effect changes the interface scattering. For exam-
ple, for electron transport across interfaces, the electron-phonon scattering can cause
Joule heating, which is harmful to transport. However, the electron-phonon scatter-
ing can also assist the tunneling. Therefore, it needs further study on the inelastic
processes on interfacial transport. Secondly, the interplay between Anderson local-
ization and anharmonicity can play an important role in disordered structures. The
physical picture of how anharmonicity destroys phonon interferences is entirely un-
known. What’s more, experimentally demonstrating phonon Anderson localization
in two-dimensional[152] is worth pursuing.

Specifically, for electron transport across interfaces, the impact of band bending

needs to be considered by solving the Poisson’s equation. In addition, the electron-
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phonon interaction can be added via adding the electron-phonon self-energies. The
heating and cooling due to energy exchange between electron and lattice (electron-
phonon interaction) is relevant to find where the Joule heating and Peltier cooling
are happening[153|, which helps to optimize the heat generation in electronics.

For phonon transport across rough interfaces, we have presented a continuum
model that includes the specular scattering and diffuse scattering while prior modeling
has to describe specular scattering and diffuse scattering using different models and
combine them with a phenomenological weighting parameter. However, our model is
scalar, and it would be useful to derive the vector model that considers the polarization
of acoustic phonons|31].

For phonon Anderson localization, we want to point out that there is no general
way to compute the phonon localization length. People often uses participation ratio
to describe localization, but it has no spatial information. In Chapter 4, we analyze
the transmission amplitude decaying along one direction, yet for three-dimensional
transport, such one-dimensional analysis is not enough. We think that it is possible
to extract the localization length by solving the similar Bloch eigenvalue problem
in Chapter 3. In the system where phonon localization emerges, the wavevector q
is complex and the 1/[Im{q}| is the localization length. We can further conduct an
ensemble average and identify the intrinsic localized state (gapped state), weakly
localized states and strongly localized states due to disorders. Such methodology is

applicable to systems in any dimensions.
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Appendix A

Green’s function for electron

transmission

A.1 Mode-resolved Green’s function formalism for

electron transport

The mode-resolved Green’s function formalism to compute the transmission and re-
flection probability matrix is developed by Khomyakov et al..We present a brief in-
troduction to the formalism as follows for completness. We first construct the Hamil-
tonian for the structure shown in Fig. 2-1 (a). For a given kg, the Hamiltonian

writes,

Hf;  Hg
HE HL Hpp
H(ksc,||)= Hpr, Hp Hpr (A1)
Hgpp HE HE
H{j Hf

with the matrix blocks corresponding to different cells of the supercell along the inter-

face normal as well as the interactions between neighboring cells. In the semi-infinite
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lead region, we have HL = HL and HE = H[!, where n denote the nth repeated
supercell cell in the lead region as denoted in Fig. 1 (a). Hp is the Hamiltonian cor-
responding to the device region. Hyp/pr, and Hgp/pr describe interactions between

the lead and the device region.

The Green’s function matrix is defined by,
(B +in)l - H(ksc,H))Gr/a(Ea Kse,)) =1 (A.2)

where [ is the identity matrix, n is an infinitesimal positive real number and the
superscripts r and a denote retarded and advanced Green’s function, depending on
the sign in front of . The retarded Green’s function at given energy £ in the block

matrix form is explicitly expressed by,

(-

G Gh
G, G Grp Gona
G"(E,ke,)) = Gpr. Gp Gbpr (A.3)
Gnio Grp G G

R R
GlO CTYll

In particular, the matrix block GL, and G are useful physical quantities to com-
pute the transmission matrix, called the surface Green’s function for the left and right

lead which satisfies,
9i (B k) = Gog" = [(E +in)I = Hyg " =5 ]! (A4)

where the self-energy of left and right lead are X7 = Hlyg7 HE, and Y7, = HE g7 H.
In this work, the surface Green’s functions are iteratively solved using the decimation

technique|[115].

The matrix block G .1, describes the response at N +1 th cell (0 th cell in the
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right lead) cell given the perturbation at 0 th cell in the left lead. We use Dyson’s
equation to compute the matrix G'n.1. To obtain G109, we need to evaluate the
matrix block Gp for the device region, which contains a large amount of atoms for the
case of rough interfaces. The efficient computation for device Green’s function Gp is
thus challenging. To overcome this difficulty, the device Green’s function is calculated
using the recursive technique|[116, 117] and the detail for our implementation of the

recursive Green’s function can be found in our prior work|76].

To compute the transmission mentioned in Eq. 2.4, we need to compute the eigen-
vector matrices and velocity matrices. We outline how to compute these matrices in
the following. For a given transverse momentum k. | and energy F, there are multi-
ple subbands in the lead region with different perpendicular momenta k,’s. What’s
more, the lead is semi-infinite, which supports both propagating (real k,) and evanes-
cent (imaginary k,) states. We need to resolve the perpendicular momentum k, and
its corresponding velocity v, to compute the ratio of scattered current to the incident

current to obtain the transmission and reflection probability matrix.

We first introduce an auxiliary matrix for the right lead,
Fp = grHig (A.5)
and compute its eigenvalue A}, and eigenvector U}, via,
FRUp = NpUp (A.6)

It has been pointed by Khomyakov et al.[75] that the eigenvalue A’éﬂ. stores the
phase information of the electron and the eigenvector matrix Up ; contains the Bloch
wavefunctions for state i. If |[A} [ # 1, it corresponds to an evanescent state. If
|A%,i| = 1, it corresponds to a propagating state. We can extract the perpendicular

momentum by kg, = #logArRJ. Similarly, for the left lead, we define the auxiliary
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matrix, its eigenvalues and eigenvectors,

Ff = g1 Hgy

F{UE = AL Uf

where g9 = (g7 )T is the advanced surface Green’s function for the left lead.

The velocity along the transport direction (perpendicular to interface) v, can be
described by the velocity matrix,
Vi =-UpT3 U,

(A.8)
Vi =URTRU.

where I' = i(X—Xf). The diagonal elements of these matrices correspond to the group

velocities along z direction of different states.

The reflection probability matrix from « side Raq ji(E,Ke,) is similarly defined
by,
Raa,ji(E> ksc,||) = ’Taa,ji(Ea ksc,|| )|2 (A9>

Specifically, the reflection matrices from the left and right side are,

s Keey) =i VEIVE] (Goo - QI IUF VTR

(A.10)
rrr(E ks ) =i/ VE[UR]™ (GN+1,N+1 - Q}gl) [U;‘?]‘l Vi

where Q7' = (E +in)I - H - Hhygt H: - Hl g7, HE) and Q7 = (E +in)I - HE -
HE g HE - Hl g7 HE are the retarded Green’s functions for bulk materials. ¢7,, a =
L, R are the retarded surface Green’s function similar to Eq. A.4, except that they de-
scribe the semi-infinite lead of the same material extending to infinity in the opposite

direction, and they are given by,

. r 11

95 (B Kee)) = [(E +in)] - Hiy - X7, ] A11)
. r 11 '

G (B kee) = [(B+in)I - HE - S |
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where the self-energies write,

(A.12)

S = Hitgp Hii
The reflection matrix also depends on another two surface Green’s function g} and
9%, as defined by Eq. A.4. The auxiliary matrices, eigenvalue matrices and eigenvector

matrices for these two surface Green’s functions are,

F} = g1 Hg

(A.13)
FiU; =N U]
Fa = ga HR
Rr = 9rilio (A14)
FUR = ARU
The self-energies for these two surface Green’s functions are,
S = HoigrHig (A15)

X7, = Hiogy Hy

The corresponding broadening matrices are computed by I' = #(X — 3f). The velocity

matrices V3 and V] introduced in Eq. A.10 are expressed by,

Vi = -URTqUf, A16)
Vi =UTUS.

A.2 Interface atomic mixing

In Fig. A-1, we present the ensemble-averaged atomic number density along z direc-
tion for different ml and transverse supercell sizes. In Fig. A-2, we demonstrate the
corresponding electron transmission for different interface configurations. At fixed ml
number, smaller transverse supercell sizes give rise to higher nonspecular transmission

function. At fixed transverse supercell size, the higher ml numbers give rise to higher
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nonspecular transmission function.
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Figure A-1: The atomic number density (the number of atoms of a given type per
unit volume) of Si at different atom layers of the interface.

117



(a) 0.30 8 mi (b) 0.30 4ml (C) 0.30 2 mi

— 2x2, total — 2x2, total — 2x2, total
0.25 | = 3x3, total 0.25 | = 3x3, total 0.25 | = 3x3, total
— 4x4, total — 4x4, total — 4x4, total
g 0.20 f == 2x2, nonspecular g 0.20 f == 2x2, nonspecular g 0.20 f == 2x2, nonspecular
@ —— 3x3, nonspecular @ —— 3x3, nonspecular @ —— 3x3, nonspecular
g 0.15| — = 4x4, nonspecular, g 0.15 — = 4x4, nonspecular g 0.15 — =~ 4x4, nonspecular
5 5 5
+~ 0.10 +~ 0.10 +~ 0.10
0.05 0.05 0.05
0.00 = 0.00 0.00 —
1.5 1.6 1.7 1.8 1.9 2.0 1.5 1.6 1.7 1.8 1.9 2.0 .5 1.6 1.7 1.8 1.9 2.0
Energy (eV) Energy (eV) Energy (eV)
d x e x f 4x4
( ) 0.30 2x2 ( )0.30 3x3 ( )0.30
—— 8 ml, total —— 8 ml, total —— 8 ml, total
0.25 } = 4 ml, total 0.25 | = 4 ml, total 0.25 } = 4 ml, total
= 2 ml, total = 2 ml, total = 2 ml, total
5020 == 8 ml, nonspecular 5020 == 8 ml, nonspecular 5020 == 8 ml, nonspecular
Z == 4 ml, nonspecular g == 4 ml, nonspecular @ == 4 ml, nonspecular
g 0.15F == 2 ml, nonspecular g 0.15 == 2 ml, nonspecular g 0.15F == 2 ml, nonspecular
C C C
© © ©
~ 0.10 ~ 0.10 ~ 0.10
0.05 0.05 0.05
0.00 =SS 0.00 0.00 —mma=
15 16 17 18 19 20 1.5 16 17 18 19 20 1.5 16 17 18 19 20
Energy (eV) Energy (eV) Energy (eV)

Figure A-2: The sensitivity of electron transmission on the degree of transverse and
longitudinal disorders. We use 20x20, 15x15, 10x10 kg j-point mesh for 2x2, 3x3,
4x4 transverse supercells.
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Appendix B

The continuum modeling of diffuse

phonon scattering

B.1 Formalism

B.1.1 The transmission and reflection matrix

We consider interfacial transport in the case of scalar phonon model in the continuum
limit, where the equation of motion (EOM) for displacements writes[154],

o)L (u(z)vu) =0 (B.1)
where p(z) is the bulk modulus. For an interface between two dissimilar solids, we
have p(z) = pup for 2 < 0 and u(z) = pg for z > 0. p(r) = po(z) + Ap(r) is the
density, where po(z) is the density without mass disorder at the interface, expressed
by po(z < 0) = pr, and po(z > 0) = pr. Ap(r) = ¥; Am;d(ry —1;)(2) is the density
fluctuations due to atomic mixing at the interface, where Am; is the change of mass
at atom site ¢ and r; | is the in-plane position of atom site ¢. The choice of the delta
function form for density fluctuations suggests that the atomic mixing only exists

exactly at the interface, thus our model does not apply to the cases where the atomic

mixing exists even far away from the interface. When atomic mixing is realized by
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randomly swapping pairs of atoms on two sides of the interface, the average of mass
fluctuations is zero Y., Am; = 0. The mass disorders are distributed randomly in the x-
y plane. The ensemble average of any physical quantity P over many configurations of

mass disorders is obtained by integrating over all possible positions of mass disorders,
- [ (B2
;A '

where A is the cross-section area. After ensemble average, the average of mass fluc-
tuations is still zero (3; Am; = 0). We further assume an independent distribution of

mass fluctuations such that,

ZAm Am;) = Z (Am;)?) (B.3)

».]

The time-harmonic solution of Eq. B.1 reads,

ei(-wt+aqyr))

U= Zuq” (Z)T

q

(B.4)

where q| = (¢z, qy) is the transverse wavevector, w is the phonon frequency, rj = (z,y)
is the transverse position and uq,(2) is the z-dependent component of the solution.
The perpendicular wavevectors ¢,(2) = ¢, when z < 0, and ¢,(2) = ¢, r, when
z > 0, are determined by the dispersion relation w? = ci/R(qﬁ + qiL/R). Here, cp/p
is the sound velocity defined by ¢z r = \/pr/r/pr/r- Plugging in the time-harmonic

solution to EOM, we have the following equation for uq, (),

ety

qu[(po(Z)+Ap(r))w 4V 1l(2)V] gy (2) = 5 -0 (B.5)

Multiply both sides of Eq. B.5 by [ d’r| e /~/A. The orthogonality relations for

plane waves leads to,

(LR + on(2) 5| = ¥ M i (B.6)

120



The scattering matrix M%Olu is defined by,
My g = = 3 Amy? A7 (e, (B.7)

The solution to Eq. B.6 is expressed by,

iqrLz \ UIL —iqrz
Uq (Z) = 5q\|7qﬂ€ qLz rq\liqﬂ —ULe w5 <)
\/ LY (B.8)
Uqy () = lay.q \/é@iqm, 2>0
PRUR
where gr/r = ¢. /g is the phonon wavevector normal to the interface. fq,, q) is the

transmission matrix and Tay.df is the reflection matrix. vpr = cpjrcosfr g is the
group velocity perpendicular to the interface, where 7, is the angle between the

direction of phonon velocity and the axis normal to the interface.

The transmission and reflection probability matrix are defined by the ratio of the
transmitted flux normal to the interface of phonon q; and the reflected flux normal to

the interface of phonon q to the incident flux normal to the interface of phonon state
Ji Jr, . .

q); Toyqp = 7 4 and Rqyq = ——L | respectively, where the time-averaged energy
inc, q“ lﬂcaq”

flux for a phonon mode reads|155],

-5 [ e

The resultant expressions for transmission probability matrix and reflection proba-
bility matrix are,

2
| (B.10a)

Tq” )~ |tq” |

2
The boundary conditions for displacement ugq (2) for solving the transmission and
reflection matrix write,

g, (07) = ugq, (07) (B.11a)
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0 0"
H(2) g, ()], = 2 Moyt (0) (B.11b)
[

where the second boundary condition is obtained by integrating Eq. B.6 from -7 to
1, with 7 - 0*. Plug in the expression in Eq. B.8 into the boundary condition. We

obtain the following expressions,
Oay,af * Taya) = Lay.af (B.12a)

Z(éqn,qﬁ’ + Z.Fqu,qf")tq[{,qh = Aq”,qf‘ (B.12b)

ayf
MCIH a fv
_ > R

A VULUR (B.13b)

— ;| —
q) 7(1“ q 7q" o

where

PLVL + PRVR
2p

P =~/PLPR (B.13d)

V=

(B.13c)

In particular, we can reorganize Eq. B.12b and identify that the transmission matrix

can be expanded in series as,

t= 3 (ST)NA. (B.14)

which is a summation of terms arising from multiple scatterings of different orders.
We can discard high-order terms to obtain the approximate expression for the trans-

mission matrix.

B.1.2 The Green’s function in the continuum limit

The transmission matrix can be computed from the Green’s function of the whole
system. We choose to compute the Green’s function because of the mathematical
convenience in perturbation expansions using Dyson’s equation. In the following, we
will illustrate the exact relationship between the transmission matrix and the Green’s

function.
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To start with, we evaluate the unperturbed Green’s function for a disorder-free

interface. The unperturbed EOM writes,

[+ )2 |u(z) =0 (B.15)

which can be identified as a Sturm-Liouville equation. Two sets of solutions are given

by,

tre Lz, 2<0
uc(z) = (B.16)
eUrz 4 ppelirz - 2> ()
and
tpeirz, z>0
us(z) = (B.17)

elL? + rpe~iLz .z < ()

The continuity condition at interface gives,

21RqR

_ (B.18)
Hrqr + URAR

tr=1+ry=

and
21Lqr,

_— (B.19)
Hrqr + URAR

tr=1+rg=

For a Sturm-Liouville equation, the Wronskian writes|156],

dus(2) s (2) du.(2)

W =u.(z) . .
diprqrgr 2> 0 (B.QO)

BLYL+HRYR’

4
LMRILIR , z< 0
HLILtHRAR
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and the Green’s function is defined by,

u<(2)us (2
N e R
GO(ZVZ): (+'Yus (2)
u< (2 )us (2 /
WEWE) F S ES
i _tR ,—iqrz piqrz" /
—-—-Le e 2<0,2">0
2pr 9L ’ ’ (B.21)
—MLR;—;e‘iW'e"qRZ, 2>0,2/<0
B . 7iqL\z’7z\ 7iqL(z+z,)
T +gfe , 2<0,2/<0
. iqR|z'—z\ iqR(z+z/)
T Z]ge ., 2>0,2/>0

When z and 2z’ both approaches zero, the unperturbed Green’s function at interface
is
7 ~ i
prLqr + Hrqr  2wpu

Gt = (B.22)

where the superscript + is added to represents the retarded Green’s function.

Then, we study the Green’s function for the scenario where atomic mixing is

present at the interface. It is convenient to define the Green’s function operator,
A z -1
G* = [p(r)w? - K +in] (B.23)

where the operator K = -V-u(2)V and 7 is an infinitesimal positive real number. The
Green’s function in the real space representation can then be expressed by G*(r,r’) =
(r| G*|r'). The Green’s function that describes the scattering channel between mode

a of left side and mode b of right side is,

ba(2:2) =A71[ drHdrhe*i(QH'fn*fJﬂ-rw'l)

!/
i)

where the transverse wavevector for mode a and mode b are qh and qy, respectively.

) (B.24)
X (“qu | G*

When disorders are introduced, the perturbed eigenvector is related to the unper-
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turbed eigenvector via|157],
u=u"+ / G*(r,x")V (" )u'(x")dr’, (B.25)

where u’ is the eigenstate for the disorder-free case and the perturbation V(r) =

—Ap(r)w?. Specifically, the second term on the right-hand side of Eq. B.25 equals,

f dr'G* (r, )V () (v')

X R (B.26)
= / dr’{G*(r,r’)K’ -d(r-1") - [K’G*(r,r’)] }u’(r’)
Thus, Eq. B.25 is equivalent to,
u= f p(r") (u'aG -G* Ou )éz -dS’ (B.27)
0z' 0z
It is easy to show that,
(W'|V |u)y,, = (Ku'lu), , = (/| Ku),,
_ f [wa Kup - up Kug] dir (B.28)
/% aua aug* A
= / u(r) [ub 5 0 ua] e, -dS

where we applied integration by part and the divergence theorem.
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Plugging in the expression of u given by Eq. B.27 into Eq. B.28, we have,

WV Iy, = [ [Kup (0)]ua(r)dr

- | wr @)

v [ua( ')82“,; 8“5(‘" )KG+]dS dr

- ] e 2 @

6G oul (v’ B.29
% [_u;(r/) + 5(, )] ( )
o )y T ) G

_ * _—iky pro+ik, 2" Y+
= —Appprty ge” "R GT (29, 21) @b, RGa,L
2 % iky z1+ike 2] Y+ ’
- 4MLTb,R€ b LT e L 1le (Zlv Zl)quzQa,L

2 o+ _iky z1—1ke 12" Y+ 7
+4pgry get T e Gy (21, 21)@,090,L

where G*(z1,27) = Gi(21,21) + G5(z1,21) and we do not need to know the exact
expression of G and G. Note that we have used the form of Green’s function in
its asymptotic limit in deriving the above expression. Denote L the length of the
domain containing disorders. Then, z1,2] < 0 and 23,2, > L are the boundary for
integration. Since the random mass disorders are localized at the interface at z = 0,

we have L — 0, such that we can set z; = 2] =07 and 2, = 2}, = 0*.

Directly plugging in the general expression of u’ for unperturbed system given
by Eq. B.17 and wu for perturbed system given by Eq. B.8, we can obtain another

expression for matrix element (u'|V |u), ,,

(u'|V |u>b,a =2iwty, pty,a\/PLVa,LORVbR
\/Va,L
Y 5b,a) PLUb,L
V Ub,L

(B.30)
+21w (rg’Rrbﬂ

By equating Eq. B.29 to Eq. B.30, we have found the relationship between trans-
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mission matrix and Green’s function,

tha = 2iwG} ,(07,07)\/PLPRV4, L Vb R
= inﬁ\/vRv’LGaH 7q‘,|

(B.31)

Furthermore, using the boundary condition given by Eq. B.12a, we find that the

reflection matrix is related to Green’s function through,

Tha = 2ing7a(O_, 07)pL\/Va.L0.L — Oba-

(B.32)
= 21wpr\/ ULUILG(;”,qh - 5qu,q|"

B.1.3 The ensemble averaged Green’s function

From the series expansion of the transmission matrix in Eq. B.14 and relationship
between transmission matrix and Green’s function given by Eq. B.31, we can obtain

the following series for the ensemble averaged Green’s function,

(Gapap) =~ ! @2<(—iF)N> (B.33)

_Z —
2wpv’ \Jfur Q.
|

According to Eq. B.2, the ensemble average of matrix (—il" )N is obtained by integrat-

ing over all possible impurity positions,
. d*ry;
(-0 = [ [T (=) (B.34)
j

In the weak perturbation limit, using Eq. B.3, Eq. B.7 and Eq. B.13a, we write down
the Green’s function in Eq. B.33 up to the second order,

+ (q’ + / V (1
(Goyar) = Go(q“)+G02(q”)fz;Go(q”) Say (B.35)
q

2
where V5 = (¥; Sfw?). The first-order term vanishes due to ensemble average (3, m;w?) =

0. The diagonal form of Eq. B.35 implies that the ensemble average recovers the in-
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plane translational symmetry of the unperturbed Green’s function.

B.1.4 The transmission and reflection probability matrix

From Eq. B.10a, we find that the transmission probability matrix is related to the

product of retarded and advanced Green’s function,

(Tq”q‘) 4?2 p* vl vp(GE G ). (B.36)

q” q” Q||7q” >

The ensemble averaged G G- , can be expressed by,
CECRRE T

+ - _ + 2
(un 7q1‘ Gq” ,q"l ) - |<GqH ,q"l >|

" + " <B37>
+ Z (G™ (QHaq”)>|2Wq["7q[|”|<G (q|| 7q||)>|
al
where the term qulf a’ is called the reducible vertex function. To the lowest order,
the vertex function reads|158],
Vs
Wqﬂl q?|” = Z <B38)

From Eq. B.35 to Eq. B.38, we obtain the expression for the transmission probability

matrix,

_ 4PLPRVLVR
( qj q”> apay, 2
|prvL + prUR|

x [1 —2ReG*w 'V (;)] (B.39)

PLUL + PRUR
4w=2V, PRUR pLvY

A ppop + prorl” ooy, + proyl”

where G* = (Z iGE(q)f )) /A and the analytical expression for G* can be found in
the next session. We identify that the diagonal term is responsible for specular trans-
mission, while the off-diagonal term is responsible for diffuse transmission. Similarly,

from Eq. B.10b, Eq. B.32 and Eq. B.35 , we derive that the reflection probability
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matrix writes,

|PLUL - PRUR|2
apay, 2
|PLUL + PRUR|
x|1-4Re gw—lnge(”pL—vL)] (B.40)
VL ~ PRVR
4w=2V, PLVL pLvy

(RQH,QI‘) =

A prvr + progl’ Iprv), + projl

B.1.5 The analytical expression of G*

The term G* in Eq. B.39 and Eq. B.40 can be written in terms of an integral over all

transverse wavevectors,

g+
dq 1 (B.41)
(2m)? re(pre? = peat) +\fur(prw? = prat)

Introduce the ratio of bulk moduli as a = pr/pr and b = pg/pr. Depending on the
bulk moduli and densities of two sides, the expression for the real part of G* is as

follows. When (b-a)(1-106%) >0,

. wyg b(b a)
ReG 1o 22[ ~Vab +

x | atan a(l 62 —atan
V. b-a b(b a)

where G} = 52—, /£E and for Si, Gy =2.62 x 107'%%[kg. When (b-a)(1-??) <0,

27r,u

(B.42)

. WG, 1 [b(a-b)
ReG* = = 52[1 @+2 .

( 1- \/<_| E)] B
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When b=1 and a # 1,

+1 = 2
ReG* = % 1 _a; (B.44)
When a =b,
ReG* = ;"fob (B.45)

B.1.6 The specular and diffuse transmittance /reflectance

The transmittance for a given initial state q is defined by summing transition prob-

abilities to different final states qﬂ,

Timr(ay) = 2 (o) (B.46)

where (Tq‘rvq”) is the transmission probability matrix defined in Eq. B.39.

In the following, we will use direction 2y = (0.,¢r) to denote a phonon state
q), where (qy,qz) = %(sin@Lcosqﬁ,sinGLsin@ cosfl). Note that the group velocity is
parallel to the wavevector thus the angles for the group velocity and the wavevector

are the same. After integration, the transmittance in Eq. B.46 is given by,

Tr-r(2L) =Ts 1or(Q2) + Tar-r(QL)

= Tana (L) pr () + Ta - r(21)

(B.47)

The first term is the specular transmittance, which is the product of transmittance

from AMM]93, 91],

Tavma(2r) = _2PLPRVLVR (B.48)
lprvr + prog|
and the specularity parameter for transmittance,
1
pr(Q1) =1 - 2ReGrw 1V, (—) (B.49)
PLVL + PRUR

The second term, diffuse transmittance, is given by Eq. 3.13 in Sec. 3.2.
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Similarly, the reflectance for a given incident state from the left side is given by,

Rp1(Q1) = Z q) ,qu

B.50
= Rs,L»L(QL) + Rd,L-»L(QL) ( )

= RAMM(QL)pR(QL) + Rd,L—»L(QL)

where (R%q”) is the reflection probability matrix defined in Eq. B.40. The reflectance
by AMM writes,

Rani (1) = M (B.51)
|pLUL +PRUR|

The specularity parameter for reflectance is given by,

pr(Qr) =1-4ReG'w'V3Re (%) (B.52)
L

2 2.2
PLVL ~ PRVR

And the diffuse reflectance Ry 11 (€2;) is defined by Eq. 3.15. We want to stress that
the expressions in Eq. B.47 and Eq. B.50 add up to one in the current lowest-order
perturbation theory, which means our continuum model is a self-consistent theory.
However, this is not a guaranteed property at higher orders.

In the previous study of partially specular and partially specular interface scat-
tering by a disordered interface[159], the transmittance and reflectance are often

phenomenologically written as,
T(2) = p()Tanna (2) + (1 = p(2)) Tomm (2) (B.53a)

R(2) = p() Rann () + (1= p(2)) Rpoam (£2) (B.53b)

where p is the specularity parameter calculated by Ziman’s equation|[160]. However, in
our continuum modeling, there are two specularity parameters, one for transmittance
(Eq. B.49), one for reflectance (eq. B.52) and they are generally not equal. The
necessity of two specularity parameters has been hypothesized by Li el al[161] and
our analytical model gives direct support for the hypothesis of two different specularity

parameters. What’s more, it is entirely possible to have pg in our model larger than
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Figure B-1: The transmittance and reflectance for a rough Si/Ge interface predicted
from the continuum model. (a) and (b): The specular and diffuse transmittance of
acoustic phonons at 4 THz in Si and Ge compared with AMM. (c) and (d): The
specular and diffuse reflectance of acoustic phonons at 4 THz in Si and Ge compared
with AMM. (e) and (f): The diffuse transmittance from one side and reflectance from
the other side of acoustic phonons at 4 THz. 6 is the velocity angle of the incident
state.

one (this is also observed in AGF calculation presented in the supplementary material
in Ref. [76]), while the specularity parameter p given by Ziman’s equation is bounded
by one. Thus, the specularity parameter is merely a correction factor and cannot be

interpreted as probability of being specularly scattered.

Similar to Eq. 3.20, we further compute the frequency-resolved average transmit-
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Figure B-2: (a)-(d) The frequency-resolved transmittance and reflectance from Si
side and Ge side from continuum modeling. (e) The transmission function ©(w) for
Si/Ge interface as a function of frequency. A multiplicity factor of three is multiplied
in the transmission function as there are three acoustic phonon branches. When the
frequency is much higher than 5 Thz, the lowest perturbation theory is no longer
valid, as the perturbed part becomes large.

tance by integrating over solid angle,
/2
Tyon(w) =2 f dbsinfcosdT; - p(r) (B.54)
0

and the reflectance can be similarly computed. The energy-resolved transmission
function, which measures the number of conduction channels for interfacial thermal

transport, is obtained by,

O(w) =Af (d2 q)HQTL—»R(W qj)

d*qydqy, >
= 27TA/ (;1” )(3] TL_,R(QL)ULd( A\ /q” + qL) <B55)

/2
= WADL(w)ch dfsinfcosOTy, . r(2r)
0

where Dy (w) = % is the density of states of left side and sinf = |q|c./w. The two-
L

probe interfacial thermal conductance per unit area is determined by the transmission
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function,

2@4] huwd (w )af(“’ 1 g (B.56)

where f(w,T) is the Bose-Einstein distribution function.

B.2 Numerical calculations

B.2.1 The interface scattering transition probability for a rough

Si/Ge interface

We apply the derived equations for transmittance and reflectance for a rough Si/Ge
interface along [001] direction. If we assume the atomic mixing is realized by swapping
Si and Ge atoms on two sides of interface, the variance of mass fluctuations is esti-
mated to be (m2) ~ (mg; — mae)” = 1.985 x 103u2. Thus, the parameter V5 = n(m?2)w?,
where n is the number of pairs of swapped Si and Ge atoms per unit area. We
choose n = 2/a? in the following calculation, and a = 5.527 A is the lattice constant,
obtained by taking the average of Si’s and Ge’s lattice constants. The bulk moduli
of Si and Ge are puy, = 95 GPa and pugr = 77.2 GPa. The densities of Si and Ge are
pr =2.329 x 103kg/m? and pg = 5.323 x 103 kg/m3.

As shown in Fig. B-1, we find that the phonon transmittance of Si is smaller
compared with AMM. Although there are more transmission channels due to diffuse
scattering, the reduction of transmittance is mainly due to fewer specular transmission
channels, which are removed by interfacial disorders. In addition, we note that the
diffuse transmission from the Ge side opens new transmission channels above the
critical angle for total reflection. Furthermore, we find that the reflectance from the
Si side increases with the angle, similar to the trend of AMM. For reflectance from the
Ge side, the specular part is smaller than AMM. Due to large diffuse reflectance shown
in Fig. B-1 (e), the total reflection probability is eventually higher than predictions
of AMM below the critical angle and lower above the critical angle. In fact, from
the expression of Eq. B.39 and Eq. B.40, we find that the specular transmittance is

always reduced by disorders while the specular reflectance can either be enhanced or
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reduced depending on the sign of prvy — prvg.

From Fig. B-1 (e) and (f), we observe that generally the diffuse transmittance from
one side is different from the diffuse reflectance from the other side.Furthermore, we
find that as frequency increases, the specular scattering probability decreases while
the diffuse scattering probability increases, as shown in Fig. B-2 (a)-(d). For the
transmittance from both sides, the reduction in the specular part is always larger than
the increment in the diffuse part, hence a reduced total transmittance. In contrast,
for reflectance, the increment in the diffuse part prevails over the reduction in the
specular part, causing a greater total reflectance. When we compare the phonon
transmission function for Si/Ge interface in Fig. B-2 (e), the interface disorders lead
to a smaller total transmission, thus a smaller thermal conductance. Note that when
w > 5 THz, the specular reflectance from Ge side will become negative, because the
perturbation is no longer a small quantity. From Eq. B.52, we see that the reduction
in the specularity parameter for reflectance pg varies drastically with frequency with
w?* scaling. When pr ~ 0, we have a critical frequency w ~ (%)1/4’ and our model
only works below this critical frequency.

To summarize, continuum modeling using perturbation theory to the lowest order
suggests that the diffuse scattering cannot make a phonon forget its origin, opposing
the picture of DMM. However, we want to point out limitations of the continuum
model of scalar phonons. First of all, the phonon mode conversion is not considered.
Secondly, the model is valid for low-frequency acoustic phonons thus at lifted tem-
peratures, where high-frequency phonons are playing an important role in interfacial

phonon transport, the model is no longer valid.
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Appendix C

The transient grating signals for

phase gratings

In this Appendix, we derive the expression for the TTG signals with phase grating

for layered systems.

C.1 The model

C.1.1 General solutions

The heat equation writes,

T
V. (kVT) = po%—t, (C.1)

where k is the thermal conductivity tensor, a rank-2 tensor in three-dimensional sys-
tem and T is the temperature. Here, we assume that the thermal conductivity tensor

is not affected by elastic deformations. The equation of thermoelasticity writes|[141],

92
(1—2V)V2u+V(V-u)+F:2(1+1/)ozthVT+p8—;;, (C.2)

where u is the displacement vector, v is the Poisson’s ratio related to Lamé constants

through v = ml, oy is the (volume) thermal expansion coefficient and F is the

!Some important related identities: \ = (1+V)”(E1_2y), "= 2(1{”).
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applied force. For the case of TTG, there is no external force term. We further
assume the inertia term is negligible as it often evolves much faster than the heat

diffusion process. The simplified equation becomes,
(1-20)Vu+v(v-u)=2(1+v)ayVT. (C.3)

Considering the periodic geometry of the transient grating, we can write the temper-

ature and displacement in form of plane waves as,

’ (C4)
u=1(w,q,z)e@ae),
We immediately identify the solution to the heat equation,
T = Ae % + Be®, (C.5)

where ( = \/ (¢®ky +ipCw) |k, and K, and k, are the in-plane and out-of-plane thermal

conductivity.

As for the displacement, applying Helmholtz decomposition, we have
u=ve+VvxW¥, (C.6)

where ¥ = (VU,,¥,, \IJZ)T is a vector potential. By construction, we can express the

scalar and vector potential as,

d =D (w,q, z) etrar),

- , (C.7)

U= (w,q,z2) @),

Plug Eq. C.7 into Eq. C.3, we have following identity,
V(V¢-1T) =V x (-xV*¥) (C.8)
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where x = %, v = %ath and V2 is the vector Laplacian. We explicitly write down

the equations for different components of ¥ from Eq. C.8,

o (2D 020 o _,
a_(a_a_ T)—X&V Yy,

d (20, O (0°0.\

%(822)_5((%2)_0’ (©9)
o (0% 20 o,
&(@*ﬁ‘”)“”w V-

It is easy to show that Eq. C.9 lead to,

04® P20 = (2T =
— 2P ——+ ' = x| == - T C.10
9.4 T2 X(322 ) ( )
The special solution to Eq. C.10 is %e‘gz + 43512 e¢#. Thus, the solution to Eq. C.10
is given by,
~ A B
D = Mie? + Myze? + Nie 9% + Nyze 9% — L NS e e (C.11)

§2_q2 C2_q2

Without loss of generality, we choose a Coulomb gauge, where the vector potential

V- W =0. With the knowledge of ®, we obtain the y-component of ¥,
21 .
v, = [—Z (Msze? — Nyze™¥%) + Ge™%% + Heqz] el(wi+az) (C.12)
X

Thus, we are able to express the general solution for displacement, consistent with

Ref. [141]. One can also directly solve Eq. C.2,

0%u, . 0%u, . ig  Ou, 3_T
dz2 X 922 2(1-v) 0z ~ TV or
0%u, . 0?u, . ig  Ouy 3_T
922 X a2 2(1-v) 0z UEE

(C.13)

Define =1 = u,, x9 = %, Y1 = u, and yo = 8;;. We can express the relationship
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between the displacement on the bottom and on the top of the first layer,

2\ (o 1 0 0 )\[m

/ 2 —i

1 I = | R IV (C.14)
Yy 0 0 0 1 Y1

) \0 % x¢¢ 0 )\u)

. T
The eigenvalues are —q,q and the eigenvectors are, v; = (3,—1,—1,1) and vy =
q q

, T
(é,i, %, 1) . Since the eigenvalue —¢ has two-fold degeneracy, the solution is x

zexp(—qz)vy + exp(—qz) v}, where v} is determined by (M - (-¢)I)- v} =v;. We can

. . T
also solve for v/, similarly. As a result, we have v/} = (21(_1; v) _Zi(=3vy) —q%, 0) and

q ’ q
Y G T [ D T
Vy = P y q ' T2 .

Therefore, the solution reads, x = cie %*vy +
co (zePvy + € PV)) + d1e¥*Vy + dy (27 vy + €2v)). Finally, the displacements along

zr and z direction are,

Uy =—Crie ¥ + Cyi (3—4v —qz) e ¥ +iCs5e% + Cyi (3 - 4v + qz) e¥*
+ —C2 ’_y 7 [z’q (Ae’cz + BeCZ)] ,

u, =Cre % + Cyqze™” + Cze?* + Cyqze?®

(C.15)

+ 2 ? Z [C (—Ae’cz + Becz)] .

C.1.2 Free surface boundary condition

The free surface suggests that o.. = 0,, = 0. The strain read c,, = Qo and g,, =

(o’
3 (35‘; + s ) The stress is determined by Duhamel-Neumann relations|162],

Oij = A(Sijgkk + 2/1“(52']' - (5”(3)\ + QM)OZthT. (016)
Specifically, we explicitly write down the two relevant strain components,

s _ (31 2p) anT,

O = iq\ug + (A +2p) o

5 (C.17)
Oz = IQUU, + ua—;.
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The boundary condition for displacements writes,

l/auz +(1- V)auz -(1+v)anT =0,
aux + % =0
9z  dr

_ 2000 A(1+y)

Solving the above equations renders u,(z = 0) = 5

. To integrate the signal,

one needs following identity,

I:/ dxeiax2=\lg, a>0. (C.19)
) a

When calculating the displacement gradient,

ou,
ox

= ~Qoaosin(gor) | F(w)T. ()", (C.20)

the following integral is involved,

) eiwtdw

o0 \/iw+c(\/iw+c+d)

(C.21)

where ¢ = ¢°k, and d = ¢ /K, are pure real number. One first split the integral into

two part w € [-o00,0] and w € [0, +00], and denote iw + ¢ = u. For the second part,

e“dulfi

_[2 = e‘Ct l m (022)

Let m =\/u+d,

Verioo+d (m—d)ztd
I = 2¢7/i f e am (C.23)

Je+d m+d

Using Cauchy’s integral theorem, the integral is equivalent to,

o [T eV d-iy)dy
h=2et [T . (C.24)
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Similarly, the first part of the integral is,

L [ eVi(d +iy)dy
n=-2e [T 5 (C.25)

Therefore, the integral can be expressed by,

0o e—yzt
[=2¢d f (C.26)
0

d? + 2’

Using the identity from Ref. [163], we have,

2 2 St
I = e~ lerfe(dy/t) = me~(Re—r=)a terfe (q " ) , (C.27)
P

where the complementary error function is defined by,

2 ©
erfe(z) = 7 ‘/Z e " dt. (C.28)
The displacement at surface now can be expressed,

ou,
ox

Ey(1 2 2t
(2=0) = wqgsin(qgm)e(“z“)q terfc (q " ) : (C.29)
p p

C.1.3 Transfer matrix

In this section, we drop the ™ for compactness. At given frequency w, the temperature

and heat flux of the n the layer can be expressed,

T, A B\[T:
= MnNan—l e R1M1N1 = y (C30)

Qn ¢ D Ql

For amplitude grating, above 2 x 2 transfer matrices can be used and compute the

signal. The matrices involved read,

eﬁLi e‘ﬁLi

Ql=

1
2P | and R, =

1
2(’{25)11

N[—= N
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cosh(BL; _sinh(BL:)
M,N; = (L) =P (C.32)
-k, B;sinh(BL;) cosh(5L;)

where § = \/ (@?Kzi+1piCiw) k.. The adiabatic boundary condition for bottom
layer and surface heating boundary condition @)1 = Qg leads to, C'T} + DQy = 0.

Equivalently, T} = —g@o.

Consider all physical quantities in the system,

T e P+ eP* 0 0 0 0 A
Q k2 Be Bz —kzBeP? 0 0 0 0 B
Uz | Gige P* GigeP? —ie” 9% ie” 9" H™ (z) ied? e H*(z) C1 7 (C.33)
Uz -GBe B> GBeb* e 9% qze 9% e?? qze?? Ca
Oxz ~2%iuGBge™P*  2iuGPeeP*  2iuge ?*  2ipge %I (z)  2ipged*  2ipqe?*I*(z) || Cs
Ozz 2uGqPe P 2uGq?eP* —2uqe”1  —2uqe1*J7(z) 2uqe?*  2uqet*J*(z) ) \Cy
where
G= s
B*-q

H (2)=3-4v-qz,
H*(2)=3-4v +qz,
I"(2)=-2+2v+g¢z,
I"(z) =2-2v+gqz,
J(2)=1(z)+1,
J(2)=1"(2)-1.
Apparently, for an isotropic material where k., = k., the coefficient G diverges. To
ensure the numerical accuracy, we need to rescale the variables by some constants.
Typically, temperature is around several K. Take the grating period to be around
10-°m (typically ranging from 1pm to 15pum). The coefficient 5 ~ 10°m=!. The
heat flux is usually around 10° W/m?2. Normally, the thermal expansion a ~ 1075 K1

thus G ~ 10715 K-'m?2. Accordingly, the displacement is around 10~'9m. If we take
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i~ 1010 Pa, the stress is around 10° Pa. The rescaled equation is,

T ( aq a9 as a4 Qs Qg A
TlQ lel leg b3 b4 b5 bﬁ B
ToUy rocy ToCa 3 cq4 ¢ cg || 1m2Ch
= , (C.34)
T3 T3 r3 r3
r3u; rady rady Rdy rdy Pds Rdg r2Co
T T T T
740, raer Taez ez res tes teg || 120
5 r5 5 5
502 rsfiorsfe 2fs 2l 2 e krzc@

where the letter and subscripts denote the row and column of unscaled matrix.

Denote the above 6 x 6 matrix M;(z), the vector of physical quantities p;(z) and
the vector of coefficients c; for ¢ th layer. When z = 0, we can express the coefficients
c; = [M;(z=0)]"p;(0). Let’s denote N; = [M;(z=0)]" and M; = M;(z = L;),
where L; the thickness of i th layer. At the interface between the ¢ th layer and the
¢+ 1 th layer, the stress has to match such that o.,; = 0,1 and 0,.; = 04..1. The
displacement needs to match as well, u,; = u; ;41 and u,; = u,;4;. We now write these

conditions in matrix form,

T 1 _% 0000 T
r1
rQ 0O 1 000 0] n@
Tolly 0O 0 1 0 0 0] roug
= (C.35)

T3, 0O 0 01 0 O} rsu,
T40 4, 0 0 0 0 1 0}]rs0u

T50,, 0O 0 00 0 1)\rso..)

i+1
We denote the above matrix as R;. At this moment, we can relate the physical

properties of top layer (1 st) to the bottom layer (n th) by,

Pn = MnNan—l e R1M1N1p1 = Tpl (C36)

Choosing adiabatic boundary for bottom layer, ),, = 0. If the bottom layer is thick

enough, we can set u,, = u,, = 0. For top layer, Q1 = Qo and 0,,1 =0..1 =0. We
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have,

T T
0 Qo
0 Toly
=T (C.37)
0 T3,
T40 g, 0
50 5 " 0 L
Introduce a vector,
T
X = (Tn T40zzm T50zzn Tl T2Ug 1 r3uz,1) (C38>

Convert this to a matrix equation problem Ax =b, where

-1 0 0 a1 a3 a4
0O 0 0 by by by
0 0 0 ¢ c3 c
A= P (C.39)
0 0 0 dy dg dy
0 -1 0 e e3 ey
L0 0 -1 4 £ g
and
T
bZ—T1Q0<a2 by co dy es fg) ) (040)

where letter indicates the row and number indicates the column of matrix T, for
example, ¢y = T5 9. In practice, the rescaling constant can be chosen differently when
calculating the response at different frequency. Consequently, the analytical solution

for u, at the given w is,

bgCle — bgngl - b301d2 + b103d2 + bgCldg - blcgdg
—b4ng1 + b364d1 + b4C1d3 - b104d3 - b301d4 + b163d4 ‘

(C.41)

u, = -11Qo

The time-dependent u,(t) can be obtained by applying the inverse Fourier transform

to u,(w).
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